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Covariant Hamiltonian mechanics

Unconstrained phase space with invariant evolution parameter T

Stueckelberg (1943), Feynman (1948), Nambu (1950), Schwinger (1951), Horwitz and Piron (1973)
dxt oK dpt oK
S /dT [ pu = K (x p.7)] * dt  9py P dt oxy

Classical free particle

— M w_ F wvo _ _ _ r _
K= —p"pu it = " = diag (-1,1,1,1) X* =~ = const

Free particle Schrodinger equation
. 1
i0cy (x,7) = 5 plpu 9 (%, 7)

5D gauge invariance under transformations
Saad, Horwitz, Arshansky (1989)

P — My ay — ay + A (x,7) a5 — a5+ dr A (x,T)

9+ e0as (6, 7)] 9 (3,7) = 5 [P —eoa® (x,0)] [ — eoy (5,7)]  (x,7)
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Covariant central force problems

Separable two-body Hamiltonian: CM + relative motion
Horwitz and Piron (1973)

K = mrpip) + mppoubh + V(x1,x2) = gg PFPu+ g P! pp + V(x1 — x2)

Generalize classical central force problems

at (x,7) =0 a5(x,T):V(,/xVx,4) :V( x2—t2)

Solutions for relativistic Schrodinger equation
Arshansky and Horwitz (1989), Land and Horwitz (1995), Land and Horwitz (2001)

@ Scattering and bound states with relativistic corrections to spectra
@ Covariant generalization of Zeeman splitting
Perturbation a* (x,7) = —1F"x,, F* = const, F*'F,, =2 (B> —E%) >0
o Covariant generalization of Stark splitting plus state ionization
Perturbations a* (x,7) = —1F*x,, F' = const, FWF, =2 (B —E?) <0
@ (x,7) = —€ (x, +ny), €, n, = const
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Classical electrodynamics

Classical action with formal designations x° = 1, 95 = 9,
Sevent = /dr [%mxﬂxﬂ 4 eoa'c"‘a,x} wv=0123 ap=01235
Classical Lorentz force

miy = eq (9 — duay) 2 = o fun (¥, T) 2% = e fuv (x,T) X" + e fu5 (%, 7)

AL (= 3mx?) = eg (I5an — 0atis) X = eofse (x,T) X% = eofsy (x,T) X
Electromagnetic action with formal designation f#° = ¢/ = — .
Sfield = /d4xdr {eOX"‘a,x (x, 1) 6% x — X (1)] — 4 £ (x,7) fup (X,T)}
pre-Maxwell field equations with formal O(3,2) covariance
ApfP (x,7) = L (x,T) =¢f* (x, 1) Iufpy =0
Conserved 5-current

) =X (D) =X (0] 9 +0r° =0
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Concatenation

Integrate over T
8/5»,f"‘/3 (x,T) =¢j* (x,7) oy FM (x) = eJH (x)
Oafpy) =0 Ja IyuFup) =0

Field and current
Prw = [ )= [ e Xt (@8t - X (1)
Boundary conditions

P (x,7) =0 and f*(x,7) =0 at (x,7) — (x,£o)
Interpretation
Arshansky, Horwitz, Lavie (1983)
e f*f (x,T) mediates interactions between instantaneous events x* (1)
o Particle worldline traced out by t-evolution of event x* (1)
@ Concatenation extracts Maxwell as equilibrium limit of event dynamics
e dim [ey [dt a" (x,7)] = dim [eA¥ (x)] = dim [¢g] = dim [A] = time
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Wave equation and Greens function

Wave equation

0,0%aP (x,7) = (E)ya?‘ - a%) af (x,7) = —ejf (x,7)

Greens function
Land, Horwitz (1991)

(aya# - a%) G(x,7) = —3*(x, 1)

1 9 0(x2—12
G(x, 1) = 7E5(x2)(5(’r) BET ﬁ = D (x) 6(7) — Georrelation (X, T)

Concatenation

/dT G(x, 1) = /dT [D (x) 6(7) = Georrelation (X, T)] =D (x)
Interpretation

@ Support of D (x) d(7) on lightcone and instantaneous in T
o Support of Geyprelation is Spacelike x2 > 72 > 0

@ Spacelike interaction does not contribute to Maxwell potentials
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Induced potential

pre-Maxwell potential
af(x,7) = —e/d4x’dT/G (x—x,7-7) jF(x,7)
Concatenated potential
At (x) = —e/d4x’dr’ {/dr G(x—x’,r—f’)} P,

/d4x'D /dr )
—e/d4x’D (x —x") JH(x")

Nonrelativistic Coulomb problem: source event evolves as X () = (7,0,0,0)

a(x,7) = —e/d4x’dT’D (x=x)o(r—7)o* (¥ —7) = —% ) [(x—r)z} ] (xo)

e 0 (xO -7 R)
21 |2R| [dr ~ 47R

Correct Maxwell potential — wrong microscopic dynamics
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Statistical synchronization in field-current interaction

Distribute current density along worldline, preserving concatenation
Land (1997)

Pt — s = [ dsplr-s)ft s glr) = pre A

]”(x):/_idrjé(x,l’):/_zds dt (p(T—s)jV(x,s):/_o:odsj”(x,s)

Induces Yukawa-type potential with correct non-relativistic limit for large A

. 0 5 . 0 o
mx = —egV [a (x,T)+a (X,T)] — mX = —2¢ Vi, (x,T) ="V [ yrge }
Interpretation
Relax t-synchronization between interacting classical events
Event x, (7) interacts with current j* (74 d7) for @-distributed 4t

¢ cuts off photon mass spectrum: take Am, ~10"1%eV — A ~ 4 seconds

Limits: A — O restores ¢ (T) — 4 (7)
A — oo restores Maxwell
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Lagrangian approach to synchronization

O(3,1)-invariant correction to action
Land (2002)

. A A3
Sem — /d4xdT eoj an — Ef”‘ﬂ (x,7) fap (x,T) — Zaff"‘ﬁ(x,r)anMg (x,7)
= /d4xdr eof an — %/d‘lx dtds f*P(x,7)®(1 - s)fup (%,8)
Field interaction kernel

(1) = 5(2) ~ 228" (1) = o [ [1+ ()]

Inverse function

b 1 1 1
ds ®(t—s)p(s—r)=6(t—7r) — T:—/dxiz—e"ﬂm
[t =8l =) =o(r=r) = gt0) = 5 [ix e =
Euler-Lagrange equations

E)ﬁ/ds@(rfs)f”‘ﬁ(x,s) =ej*(x,T) T aﬁf”‘ﬁ (x,7) = e/ds o (t—s)j"(x,s)
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Liénard-Wiechert potential

Event X* (1) — current jg (x,T) — potential a* (x, T)
Dirac (1938), Barut (1964)

af (x,7) = fe/ld‘lx'dT’D (x=x")6(t—1) /ds @ (T —5) X*(s)0* [x' — X (5)]

:_%/dsq)(T—S)Xa(S)‘S((x_X(S))Z)Gret

e X (s) _ 1w T—s
__E(P(T—S)m——eﬁme [r=s|/A
using identity /d'rf('r) Sg ()] = % for s =¢71(0)

with
e arbitrary timelike velocity uf = XP (s)
@ zM =xt —XF(s) =2V = —ut

o retarded time s satisfies z2 =0 and 6™ =0 (x — X0 (s)) =1

o R=1"(x=X(s))=—z-u>0
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Field derivatives

Spacetime derivatives
H B — _i/ o) W ret Nu _ 2
0aP (x,7) = —5— [ ds (v —5) X" ()03 (5((x X(s)))

= 5 [ 4 9T =X ()08 [(x = X(5)°] [-2 (= X 5))]

_ ¢ Y xt — XH (S) re; d
_ E/ds (T —5)XP (s)  ORCES 0N o[ -x )]

Integration by parts

oaP (x,7) = —% /ds |:%(p(’[ —5)XP (s) %] 075 [(x -X (s))z]
e 1d zHub
= arrds [PTTR
T-derivative
9zay (x,T) = —e¢ (T —s) :Ty =ee(T—5)p(T—5) 4:([/V\R
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Field strengths

Spacetime component
= [ ]| R
fl =e@(t—s) [W —e(t—s) W} - %
P ) (”;)(u.(f;”v —2'ut) (ii-z) |17
5-component
Oty (3, 7) = ee(t=5)g(T =) 4;;;:1{ Iplts = ﬁ%% ["’(T*s)%]

2 _ .
= et | e RS
) zy (1~ z) Ni

rad
=—ep(T1—5) —— =
fis 7l 4t (u-z)° 2|
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Electromagnetic two form

Clifford bivector representation

1 1
f=af" (euhe) = 5" (en@ew—evDey)

Spacetime component

zZA\u
fspacetime: T i1 Rds {4’(7—5) R :|

(zAt)(u-z)— (zAu) (i -z)

d
frgucetzme =ep(T—5s)

47t (u - z)°
=eq(T —s) z/\(”4;)(u.z)(;l"2)

Introduce
Q=—-u-z w=uR—-uQ=—[u(u-z)—u(u-z)]

d . zAw
f;]Zacetzme_ ep(t—s) InR3
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Radiation two form

Formal 5-velocity
U:E(X(T) 7) = (X(1),1) =u+es L'l:i(X(T) 1) = (1,0) =1
d’l’ 4 7 d’l' 4 7
5-component of radiation field

— —eo(T— ez o ZAes Q
o= mep(r=s) zhes T2 - ep(eme) TS,

Formal 5D two-form

f= fspacetime +fs

zAw zANes Q

=ep(t=3) rs ~2(T=9) g
zAW
=ep(t=s) g

where
W=w—Qes =1R—uQ—e;Q=UR—-UQ
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Field invariants

Fields AW A Aes Q
B 82 B . ZAw—zAes
f=eplr—s) 2oy =ep(r—s) TR E

Noting
zzzz-e5:0
z-w=z-(R—uQ)=(z-1)R—(z-u)Q=—-QR+RQ =0
z-W=z-w—z-esQ=0
and Clifford identities
a-(bANc)=(a-b)c—(a-c)b
(anb)-(aAb)=[(anb)-a]-b=(a-b)*—ab?
Null field satisfies
z-f=0 — z,f" =0

~ff=0 — fPfag=f"fuw = ffou =0

e“ﬁWEfﬁ,Yf& =0 — eprgfpwfpa = ewpvaSfpv =0
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Mass-energy-momentum tensor

Noether current

Translation invariant electromagnetic action

Sfield = —% /d4x drdt P (x,7)®(t - ) fap (x,7)
Conserved tensor
T = —A (& BF1 15 — £ 18T)  9pTE = ef*Pla
where
fo (x,7) = /dr’ O(t—1) f(x,7)
For the radiation field

_ , ) PN EAW N EAW
fq>(x,T)7e/d'r<I>('r )e(T s)4nR3fe§('r S)4nR3

Null field
fPre=0 = TP=af A
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Mass-energy-momentum tensor

Components

For bivector

1
A=zAW = EA""Yea/\ey AT = Z*WT — ZYWH

Product

A% 7Aﬁ7 = 2WWP + W2z%2F — 2. W (z"‘W’g + Z“Wﬁ) = W2z%zP

with d(t—s)g(t—s)=6(t—s)¢(0) :ﬁé(r—s)

2
T = §(1 — s)% (47:R3) W2z 2P

Separation vector: z=1x—X(s) =[x/ — X' (s)]e,  22=0

1
T = T =§(T—3s)=
0 ot =s); (47TR3
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Mass-energy-momentum tensor

Conserved quantities

Total mass-energy-momentum of particle + field (retarded and radiated)

/d4x 95T = /d4x 9, T + /d4x 95T = L /d4x 5%

¢ / dx f (x,7) ja (x,7) = €0 / dx FB (x,7) Xad (x — X) = eof (X, 7) Xq

£ (/d4x T5P‘+mXV) =0 £ (/d4x T55—%mX2) =0
For radiation field in region with j, (x,7) =0
T5% = 0 = no mass radiation
Spacetime Poynting vector
/d3x 4t 9, T — /d3x dt 9yTH0 +/d3x dr 9T = 4 /d3x dt T — 0

Oriented along z = x — X (s)

0;4_7 2_0,v
/dTT 47TR3)WZZ
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Vector field picture

Vector components

el = fOi b= eiik]fjk et = for = (so,s) = le] (1,2)

Vector field equations

V-e—0.e" =¢f° Vxe+dh=0 Ve’ —d.e+09pe=0
V xh—dpe—0dre=¢j V-h=0
V- e+dped = ef° Vxe+dth=0
Poynting vectors
N . )
T = E[e-eq)—s—b-bq)—s-sq’—eos%} TO’:A[equ’—SOsq’]l
55 A @ @ ® 0.0 5 5 [.0.® o)
T = E[—e~e +b-b" +e-¢ —ssq,] T —/\[ee +s><b]

Null field invariants
fl‘vfw =f5vf51/ =0 — _e'e®+b'b®=€-£¢—sosg)20

e fuy for = €' fosfou =0 — exb= (e : e¢) 2 Pe=—exb
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Plane wave expansion

Fourier transform

£ 0,0 = gl [ @RI ) —— G [ (0
Wave equations

(a,,aﬂ - a%) FET) =0 = Kk =Kk, -2 =12 (k)2 -2 =0

Solution to 3-vector equations

K 1 K o 1
ezelfk—oen h:@kxel £:£”+k—0eL € :k—okwsH
Poynting vectors
&
00 _ o o 0i _ 00
T —A(eL-eJ_—use”) Tl—kaT
2 Kk
55 _ (X 00 su _ K 00
™= (@) T M=pe’
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Radiation field fits equilibrium solution

For on-shell radiation field

k=0 = K- ("2 =0 = K/ =k

Solution to 3-vector equations

K

e:ej_——kOsH — e h:—koker_ — kxe|
= K o= L k k
& S” +@ e K—Q? S” & k—o 8” K—Q? S”
Poynting vectors
00 @ @ 0i K 00 £i 700
T e® — g - i i
_/\(eL e] —g| SH) T —kol P k1

55 _ (K \2 00 s _ KK o0
T _(ko) T xk—0 0 T _kOkOT k—0 0
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Angular distribution

From

/dT ™= % (47:1{3)2 (5 18+ 15 1) = % (47:123)2 (iR — uQ = e5Q)* 2'2"

Instantaneously co-moving frame with on-shell velocity

u=(10 wW=-1=u0-u=0 ua=(0v)
z = (|z],z) R=—u-z=|z| Q=—-t-z=-V-2z
Leading to
(iR — uQ — esQ)? = [—1i (u-2) + u (it - 2) + e5 (ii - 2)]* = 22v? (sm29 — cos? 9)
with contributions

Ou _ 1
/ dt Tspacetime )
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Radiation reaction

Field along worldine

Action includes external field ai*(x, ) and induced field a4 (x, )
Sem = /dT %ma‘c2 +/d4x dt Aej*(x,T) [aa(x,r) +af;f‘(x,7)}
f% /d4xd1’ [f“ﬁ(x,r) + fglﬁ(x,r)} {f:}; (x,7)+ f’" ®(x, )}
Radiation field
b= fon— 1ol = (PP = o) = (FP = 138) = Fo — o
From Taylor expansion along worldline of

XB (xt — XM

aﬂufud (x,7)= —%/ds [;S(p(r—s) X =X ) [(x—X(s))Z} € (xo _Xo)

radiation field at event

A (X(5), ) = @ (T =) & o [l (5) 8 (5) — " s) " ()]
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Radiation reaction

Lorentz force associated with radiation reaction

Force at point x(7) including radiation field
mit (1) = eofl.’;v (x,T) %y (T) + eoff;; (x, T) %y (7)

2e
= eoflf;lv (x,T) %y + Ao (T—1)

2
3o [ -2 1y

e2

ZEOfiP:zv(xf T) Xy + Ag )gﬁ[x” XV =2 X &y

2
—eofm (x,7) %y +§

On-shell event evolution

Total Lorentz force
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Integro-differential equation

Writing 79 = %4;;"
i (1) = fm (x,7) % + 7o [x” _ 2 x#]

(& — o) e /T = 7T/ [eofm (x,T) &y — To¥? a‘d‘}

T
Ho—T/To — _/ ds e~5/T0 €0 B ¢ (0
e , e Tomf (x,8) %y — %= M| + &t (0)

If # (7)e"T/T0 - 0as T — co
f/:ods e~/ { %0 " fi (0,5) 2y (s) — 2 (5) 2 (s)] +#(0)
Incorporate i* (0)

i () = e/ ™0 /:o ds e=5/70 { 0 £ (x,8) 2y (5) — £ (s) 2 (s)}
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Integro-differential equation

Abraham-Lorentz-Dirac equation

Change of variable
s—s =s—1

ALD equation
iH / ds' =5/ L mf Y (x,s 1) % (5T 4 T) —i2 (s"+ 1)t (s + 1)
Geneology: field f]" «— smoothed current j, (x, ) < source event density j (x,T)

Write: field 7' — source event density j (x, )

Y (x,7) /ds @(t—s)F" (x,5) = /ds%e"”s‘/’\ FIV (x,5)

For source event quantities

B a 1 / 1
i (1) = /0 ds' e® /TOTZ—Om /ds”ﬁe_‘(S +r=s")[/A ]-'f;v (x,8") % (s 4+ 1)

— /OOO ds' e~ /70 2 (s"+ 1)t (s" + 1)
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Mediation by field relaxes event-event synchronization

External field and self-interaction exhibit similar statistical synchronization

Change order of integration
[ee]
_ 1 Y /A .
/0 ds’ e /T L /ds” (TN FIY (x,8") %y (5 + T)

/ds”l el™ s”|/A]_—]W (x,8" / ds' @ Lo/ X (s + 1)

mTo
using Ac~4sec>T)~6x10"2% sec = 1/A =1/19+1/A~1/1

ALD equation
(1) =2 o) (@) —wof{R @ ]

where
A 0
{7 o) = [ ds e N B (x,)

m
—00

0 T
{XV (T)}TO :/0 ds Tioe’s/rﬂ X (s+71T) = /700 ds TLOE*IT*S\/TO % (2T —s)

T T
= / ds %ﬂe"T’SVTo 2 (2T —s) 2" (2T —5)
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