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Abstract

Despite the many successes of the relativistic quantum theory developed by
Horwitz, et. al., certain difficulties persist in the associated covariant classical me-
chanics. In this paper, we explore these difficulties through an examination of the
classical Coulomb problem, in the framework of off-shell electrodynamics. As the
local gauge theory of a covariant quantum mechanics with evolution parameter 7,
off-shell electrodynamics constitutes a dynamical theory of spacetime events, inter-
acting through five 7-dependent pre-Maxwell potentials. We present a straightfor-
ward solution of the classical equations of motion, for a test event traversing the
field induced by a “fixed” event (an event moving uniformly along the time axis
at a fixed point in space). This solution is seen to be unsatisfactory, and reveals
the essential difficulties in the formalism at the classical level. We then offer a new
model of the particle, as a certain distribution of events on the worldline, which
eliminates these difficulties and permits comparison of classical off-shell electrody-
namics with the standard Maxwell theory. In this model, the “fixed” event induces a
Yukawa-type potential, permitting a semi-classical identification of the pre-Maxwell
time scale A with the inverse mass of the intervening photon. Numerical solutions
to the equations of motion are compared with the standard Maxwell solutions —
they are seen to coincide when A\ 2> 107¢ seconds, providing an initial estimate of
this parameter. It is also demonstrated that the proposed model provides a natural
interpretation for the photon mass cut-off required for the renormalizability of the
off-shell quantum electrodynamics.

1 Introduction

In 1973, Horwitz and Piron [1] constructed a canonical formalism for the relativistic
classical and quantum mechanics of many bodies. To formulate a generalized Hamilton’s
principle, they introduced a Poincaré invariant evolution parameter 7, corresponding to
the ordering relation among successive events in spacetime. This covariant mechanics
differs from the ‘proper time method’ [2 — 10] in two significant ways: first, by introducing
invariant two-body potentials defined on an unconstrained eight-dimensional phase space,
Horwitz and Piron relaxed the identification of the parameter 7 with the proper time of
the classical motion, so that particle mass becomes a dynamical quantity [11]. Second,
Horwitz and Piron regard 7 as a true physical time, with the status of the Newtonian time

in non-relativistic mechanics. Within this framework, manifestly covariant solutions have



been given for problems in scattering [12], the bound state [13] with radiative transitions

[14] and Zeeman spectra [15], and statistical mechanics [16].

Turning to the question of gauge invariance, Sa’ad, Horwitz, and Arshansky [17] con-
structed a local gauge theory in which the gauge function depends on 7 as well as the
spacetime coordinates. This requirement leads to a theory of five gauge compensation
fields, with explicit 7-dependence, corresponding to electromagnetic modes with contin-
uous mass spectrum. In the resulting off-shell electrodynamics, moreover, particles and

gauge fields may exchange mass, even at the classical level.

A free particle in the quantum mechanics of Horwitz and Piron satisfies the Stueckelberg
equation [1, 3]

iho(x,T) = ﬁpup“’g/}(l‘,T) : (1)

The equation

(i1, +26) v(a,7) = 5" — L) — Day) 0, 7) 2)
is invariant under local gauge transformations of the form
¥, m) — [exp SO A (e, 7)] (e 7) (3)
when the compensation fields transform as
au(x,7) = a,(x,7) + 0, A(z,T) oz, 1) = oz, 7) + 0- Az, T) . (4)

Equation (2) leads to the five dimensional conserved current

Buj* +0:p =0 (5)
where
2 . —ih €9 €0
— wo— g 0 oy o S0 gy
p=lot )] =g e =i e - @ et} (6)
so that, |¢(z, 7')‘2 may be interpreted as the probability density at 7 of finding the event

at . With the summation convention
Ap,v=0,1,2,3 and a,B3,7v=0,1,2,3,5 (7)

and the designations

1
° =cr 05 = —0; §° =cp (8)
c
the current conservation law may be written as d,j% = 0. Since 0,7* = —0.p # 0, we

may not identify j# as the source current in Maxwell’s equations. However, under the
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boundary conditions j° — 0, pointwise, as 7 — 400, integration of (5) over 7, leads to
0, J" = 0, where

Pa)= [ dr (@) (9)
This integration has been called concatenation [18] and links the event current j* with the
particle current J* defined on the entire worldline. The quantum mechanical potential
theory with a, = 0 and —%¢ = V(,/2#7,) has been solved for the standard bound state
[13] and scattering [12] problems.

The classical mechanics associated with this theory is obtained by transforming the Hamil-
tonian found from (2) to a classical Lagrangian [19], and including the gauge invariant
kinetic term for the fields proposed by Sa’ad, et. al. [17]:

1., €o . A a ... €0 .o A a
L= §quxu+;x#a#+60¢_4_cf 5fa5 = §Mx“x#—|—;x (o — 4—Cf 5fa5. (10)

In (10), we have used #° = ¢ and introduced a5 = 1 ¢. The gauge invariant quantity fog

is defined by
Jop = Oqtig — Ogay, . (11)

The classical Lorentz force [19] found by variation of (10) with respect to z*, is given by
Mt =2 fr (,7) 8" L (—=Mi?) = ey faaid® . (12)
c

Exchange of mass between particles and fields may be seen in the second of equation (12);
the total mass-energy-momentum of the events and fields is, however, conserved [19].

Since particle mass is not separately conserved, pair annihilation is classically permitted.

In formally raising the index 8 = 5 in f** = 9*a’® — &a*, Sa’ad et. al. argue that the
action suggests a higher symmetry containing O(3,1) as a subgroup, that is, either O(4,1)
or O(3,2). They wrote the metric for the field as

¢°? = diag(—1,1,1,1,0) , (13)

where 0 = +1, depending on the higher symmetry. Variation of (10) with respect to a,

yields

€0 _ € a aByde s -0 14
)\C] c J € ozfﬁ’y ( )

where eg/ is identified as the dimensionless charge e, and the current j* associated with

D% =

an event X* = (X”(T), CT) is given by

dX®
dr

ot (2 = XM(7)) . (15)

J%z, 7)) =¢



At the quantum level, the current is given by (6).

In analogy to the concatenation of the current in (9), we see that under the boundary

conditions f% — 0, pointwise as 7 — 400, we recover Maxwell’s equations as
o0, F" = EJ“ P 9,F,, =0 (16)
where
() = [ O:o dr 4 (z, 7) and AR (z) = [ O:o dr d"(z,7) .  (17)

Therefore, a*(z, 7) has been called the pre-Maxwell field. Since ega, and eA, must have
the same dimensions, it follows from (17) that A (and hence ey = Ae) must have dimensions
of time. Although the parameter A does not appear in the field equations (14), it does
appear in the Lorentz force (12) through e;. The presense of this dimensional parameter

in the equations of motion is a characteristic problem in the classical formalism.

The physical Lorentz covariance of the current j¢ breaks the higher symmetry of the free

field equations to O(3,1). Nevertheless, the wave equation
0,0% af = (8,0" + 0,07) af = (0,0" + 0 02) o’ = —g i° (18)

reflects the causal properties of the higher symmetry through the operator on the left
hand side. The classical Green’s function for (18), defined through

0,0°G(z,2°) = —ed*(z,2°) | (19)

is given by [20]

c c —0gaprah
G(r,2%) = —=0(a%)0(a") - 5 0 6(=0gpr%0) (20)

271'2 812 /_O-gaﬁxaxﬁ

It follows from (18) and (19) that the potential induced by a known current is given by

1
o’ (v, 7) = —E/d4:c'dx5' G -2, 2° —2”) P er)
c c
= —E/d‘lx'dT G — a2 et —cr') jP (2, er') . (21)
c

Under concatenation, the first term of (20) becomes the Maxwell Green’s function

D(x) = —— 5(22) (22)

dr

while the second term — which induces spacelike or timelike correlations [20], depending

on the signature 0 — vanishes. This concatenation guarantees that the Maxwell potential
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is related to the Maxwell current in the usual manner:

At(x) = /dT at(x, 1)
- —E/dT/d4ZL‘,dT, G(x — ' et —er') (2, er)
c
— —E/d‘lx'dT' [/ drG(z — 2 et —CT')] g (2!, er)
c
—%/d%'D(x — ') JH(') . (23)
Therefore, we will refer to the Maxwell and the correlation terms of the Green’s function

and the induced potentials.

The off-shell quantum electrodynamics, associated with the action

S = /d4:17d7' {w*(i@ + egaz) ) — ﬁw*(—iﬁu — epay,)(—i0" — epat)h — %fagfaﬂ} ,

(24)
(here, h = ¢ = 1) has been worked out [21]. Manifestly covariant quantization has
been given canonically [22, 21] and in path integral form [23, 21], and the perturbation
theory developed [21]. The Feynman rules have been used to calculate the scattering cross
section for two identical particles; this cross section reduces to the standard Klein-Gordon
expression when no mass exchange is permitted [21]. For any non-zero mass exchange,
the forward and reverse poles each split into two and move away from the 0 and 180
degree directions, making the total cross section finite. When the photon mass spectrum
is cut off, the off-shell quantum electrodynamics is counter-term renormalizable; without
the cut-off, the mass integration in the loops cannot be controlled. We will see below that
this cut-off has a natural interpretation in terms of the classical considerations presented

here.

We now turn to the Coulomb problem in the framework of the classical off-shell elec-
tromagnetic theory introduced above. In Section 2, we set up the classical equations of
motion for an event moving in the field of an event moving uniformly along the time
axis, and present a straightforward solution. This solution is discussed and seen to be
plainly unsatisfactory. In Section 3, we propose a new model for the relationship between
events and particles, and solve the resulting equations of motion. These results are then

compared with the standard Maxwell solutions.

It is a pleasure to dedicate this paper to Professor L. P. Horwitz, whose contributions to
our understanding of relativistic dynamics have re-opened this subject for a generation of

students.



2 The Coulomb Problem

We begin by studying the motion of a charged event in the field produced by a second

event, moving uniformly along the time axis. As in classical Rutherford scattering, we

hold the inducing event “fixed” on its time axis, neglecting the field of the scattered event,

and the radiation field that it would induce.

According to equation (15), the current associated with an event moving uniformly along

the time axis,

X(r)=ct=ecr X(r)=0
is given by
%z, 7) = cdd—)f_o(S(xO —c1)8 (%) = ¢ §(t — 7)8%(7)
jz, 1) = 0
PPz, 7) = cd(CT)(S(xO — )8 (Z) = %z, 7)

Therefore, from (21) we will have
a’(z,7) = a®(z,7) a(x,7) =0,
leaving only the following non-zero components of f#
PO = 0k — 9 = —gke0

f5k: — a5ak_ak 5:_aka0

1
% = 0% — 9% = — (8[)@0 + U@Tao) .

The independent components of the Lorentz force may now be written as

. €0 .
Mi® = — [,
c

= NS (e + i)
e ) 1
= _)\E [(8ka0)xk +o- (0o + 00-) ao]
and
Mk = 2 preg
C
= A (fi + i)

= 25 (9 (@ — oc)
C

(25)

(26)

(27)

(28)

(30)



where we used the antisymmetry of f** and &5 = oc. Since at low energies, #° ~ ¢,
we notice that the choice of o = 1 in (30) will rule out identification with the standard
Maxwell equations of motion. We therefore choose 0 = —1 and study only the case of

broken O(3,2) symmetry. With this choice,

M = —AZ [(ea)i* - % (8, — 0,) o] (31)
Mi* = —Xe (0pa®)(t+1) . (32)

Since A does not appear in equations (21) or (26), the coupling of the induced field to the

test event will evidently depend on this parameter.

We proceed to calculate the potential a(x,7) from the Green’s function (20) and the

current (26). The Maxwell part of the potential is given by

(z,7) = —= / a'dr' [ 6( (a = ') ) oer — er)] [e 6% 8¢ — )
- ——/ d%’d(ct)é((f PP — ( — %)) [e 83@) 8(F — 7)]
= —E(S(RZ—C (t—7)?)
= —ﬁ %[5(t—T—R/0)+5(t—T+R/c)] : (33)

where R = |Z|. As required for the Maxwell part,

e
d 34
/ ra®(z,7) "R’ (34)

the concatenated potential has the form of the Coulomb potential due to a “fixed” source.

The second part of the pre-Maxwell potential is given by
O (x— 22— A(r —1")?
tevmsain(57) = g [ A {3(:6 = é(u = :1:’))2 . 02((7 - Tf)>2) } )
c (@) ot — 1)
el /dT, 9 O(R*—c(t—1)2—c(r—1')?)
27?2 \/R2 —2(t—1)2 = 2(r — 7')?
R2 B 02( B /)2 B 02(7. ! 2)

= . 35

27r2 8R2 / \/R2 — 2t — 12— (1 — 1')2 (35)

Introducing the change of variables v = ¢t — 7’ and defining @« = ¢t — 7, equation (35)
becomes ( )
ec? 0(R? — *u® — *(a — u)?

correlation 36

Gcorrelation (5 T) = o QaRQ \/R2 (o _u) (36)



The #-function in the integral restricts the limits of integration to the region between the

roots u4 of the quadratic
pu) = R? — u* — *(a —u)? = R? — a® + 2c%au — 2c%u? | (37)

which are found to be

1 2 R?
R :7‘“1 (38)
So for 2R?/c? < o2, there are no roots and #(p(u)) will vanish identically. Therefore,
20 M du—~ if V2R/c < a < V2R/c
acorrelation(l‘, 7') = %—2 f B p(u) / / (39)
212 OR 0 otherwise
Using
1 -1 2Cu + B
du - Sinil - 40
/ \/A+BU+Cu2 \/—C’ ( B2—4AC> ( )
we find
: v s T ) " it VER/c < @ < V3R
acorrelatiOH(x’ T) = %% va o <\/4a2+4(R2/02a2)(2) " 1 \/_ /C « \/_ /C
" 0 otherwise

(41)

and using (38) we obtain
.1 ( 2(—2) us + 2 ) .1 (—(ai\/2R202—a2)+Oz
sin = sin

Vo + AR — a?) (=) v REC
(42)

This expression is independent of R, and SO a¢orrelation Will vanish. It may be shown that
the correlation term will only contribute when the inducing charge undergoes acceleration.

This contribution will be treated elsewhere.

Having obtained the potential induced by the source current, we may calculate the field
strengths and write the equations of motion for a test event moving in this field. The
support of the potentials is restricted, by the delta-functions they contain, to the light
cone of the source event and so the test event moving in the induced field will be free

except when its trajectory satisfies
t—T—R/c=0. (43)
We write the initial motion of the test event as

r=urT+s (44)



where

s = (S, Sz, Sy, 0) and u = (uy, ug, 0,0) (45)
places the motion in the ¢ — x plane, with impact parameter s,. To facilitate comparison
with the non-relativistic case, we take the velocity

di _ di/dr
dt — dt/dr

(46)

U=

such that |U| < ¢, and so %ut = dt/dt ~ 1. Then the interaction will occur at 7*, given
by

1 1 1 1 1
O0=t—7"—Rf/c=—-wut"+ -5 — 7" — =|ur" + 5| = —s, — —|ur" + 5| +o(v/c) (47)
c c c c c

and so
§p = \/(Sac + Uy T*)? + 52 (48)
Solving (48), we find
. 1
= (—sx + /87 — 312/) (49)
so that
R*=R(T*) = s zt =x(r") = /57 — 52 Yy =y(r*) = sy, (50)
and
i*::i:(T*):if*:l( 57— s2,s 0) (51)
R* St t Yy oY .

In the neighborhood of 7 we have

Mt = —de 0y |- ot — 7 - R/c)] (i+1) ~ —Xe & [—#5@ s R/ 2 (52)
which may be integrated as
LI Y Ae? e 1 e 1
F(r54+¢€) —Z(t" —€) = 47TMV/F*76 dTE(S(t— T—R/c) = Y, (R*)zx . (53)
Similarly,
(7 ) i =) = A i = 0 ofu/o) (54
T+ € TN ) = IO = :
Since Z(7* — €) = #, the final velocity will be
: Ae? 1
= =k 57 2 &2
U=2%(t"+e€ =1 M ) ( 57 — 82, 5y, 0) : (55)

Imposing conservation of energy, i’ = 2
Y7 )

L e 10\ e 1
i = i® + (MM (St)3> —2 ( 57 — s;,sy,o) - (ug,0,0) (56)



leads to the requirement

Ae?
0= ey 2ugs4\/57 — 52 . (57)

The scattering angle is given by

’ Uy — Ae? 1 82 o 82
cosf = % = Suall (;t)s ' Y (58)
and using
0 [14 cosf
f 2 = — 59
€0 2 1—cosf (59)
and (57) we obtain
0
cot 2 = —— b (60)
2 57 — 52

This may be compared with the asymptotic scattering angle for non-relativistic Rutherford

scattering, given by [24]
¢ 2Es, 4 Mu?s, (61)
2 e2far  e2 '

Requiring equality of (60) and (61) leads to

cot

2

€
V= e (62)

which fixes a particular value for s;. Notice that under this equality, (57) becomes

\ = 4r Mus; \/S%—782 _ dr Mus,; e2 _ st R(7%) (63

e? e? 47 Mu? U U

so that the scattering angle will agree with the asymptotic value obtained in the standard
Maxwell theory only if A is equal to the distance at the time of interaction divided by the

incoming speed.

The solution presented above is unsatisfactory for a number of reasons, aside from the
essential discrepancy between the piecewise linear solution found here and the smooth
acceleration expected in the Coulomb problem. Notice first that from (49) we will find no
solution for 7 if 5, < s,, meaning that a test event with these initial conditions will pass
the source event without interaction. In particular, two events moving together along
the time axis, at separation R but no initial relative offset in time will experience no
Coulomb force. The second problem is that agreement with the standard (asymptotic)
scattering angle in Coulomb scattering can only be obtained by assuming a dependence

of the parameter A\ on the initial conditions of the experiment.

The dependence of the scattering angle on the initial condition s; of the time coordinate

exposes the underlying difficulty in the straightforward approach. The standard Maxwell
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current J*(z) has its support along the entire world line of the particle, while the support
of the pre-Maxwell current is concentrated at one point of the world line; in the classical
case, this point (event) depends explicitly on the time synchronization (initial condition)
with respect to 7. In the quantum regime, when states are defined with sharp asymptotic
masses, this 7-synchronization is completely undetermined because of the uncertainty
relation between 7 and mass [25]. Therefore, results in relativistic quantum mechanics
and off-shell quantum electrodynamics do not suffer this dependence. Furthermore, Ar-
shansky, Horwitz, and Lavie [18] have argued that measurements made at a spacetime
point x# do not take place at a definite 7, but rather concatenate all events — occurring
at various values of 7 — which could contribute to the event at x*. From this point of
view, the initial 7-synchronization of events in a scattering experiment (and so s;) cannot
be precisely measured, even at the classical level, and may be associated with a funda-
mental uncertainty. The success of the formalism in the quantum regime suggests that
the formulation of the classical equations of motion be modified to take account of this

uncertainty.

3 Particles as Distributions of Events

In this section, we present a model which overcomes many of the difficulties presented in
the previous chapter. We wish to incorporate in the description of classical particles an
uncertainty in their initial conditions with respect to 7, and we take as our starting point
the observation that the Maxwell current J#(z) determined by measurement devices [18]

is insensitive to this uncertainty. To see this, we take a normalized distribution function

p(a), .
[m da p(a) =1 . (64)

and replace the event current j*(z,7), given in (15) for the sharply defined event z#(7),

with the current

B = [ dag@) e —a)

_ c/_o:oda o) XP(r—a) 6'(z -~ X(r —a)) . (65)

Since the concatenation integral may be shifted by 7 — 7/ = 7 — «r, the Maxwell current

found from (65) will be
Ji@) = [ drda p(a) (2,7 = a) = [ da p(a) x [dr' j*(z,7') = J(@),  (66)
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identical to that for the sharply defined event.

Thus, we may model a particle as a collection of events whose 7-synchronization is given by
a smooth distribution. The microscopic dynamics consists of events interacting through
the pre-Maxwell fields, but the pre-Maxwell current which induces those fields will be a

superposition of the individual event currents.

In the particular case discussed in the previous section, the current associated with a

particle moving uniformly along the time axis is given by

jg(x, T) = /_o:o do o(a) 2 (z, 7 — a) = c () ot — 1) . (67)

The pre-Maxwell potential induced by this current is then

0 _ € 4 1 I 3/ ! ] "2 ]
ay(z,7) = —E/dl‘dT () ot — 1) 5( (x — ") )5(7’—7’)
e 1
= 1% §[¢(t—T—R/c) +o(t—71+R/0)], (68)
so that
A(z) = /°° dr d(z,7) = ——— 2 [ ar (e(t =7 = Rje) + ot — 7+ R[¢)) = ———
—o0 ’ 4R 2 J-x 4T R
(69)
as required.
A convenient choice of distribution function is
1 —|a
pla) = —e /A , (70)

2\

in which A represents the width of the distribution. For this distribution function, the
induced potential is given by

0 e 1

1 —|t—T=R/c —|t—7 c
aw(fII,T) = —m ﬁ 5 |:€ |t R/ |//\+€ |t +R/ |//\:| . (71)

We re-write the equations of motion (31) and (32) as

1le 1
-0 ~0\ -k -0
M i° = —5 E I:(aka@)l‘ — E (8t — 87—) aw] (72)
t+1
M it = —e (akag)—+ : (73)
2
where

~0 _ 0 _ e 1 7 1 iRl “|t—r+Rr/e|/N
aw—QAaw——m§[e| /|/ —|—e| +/|/:| (74)
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now includes the factor 2\ and so has the units of A°. In the low energy limit (v/c ~ 0),
with ¢t ~ 7 (and £ ~ 1), we obtain the standard equations of motion for a particle in a

classical Yukawa potential,

Mi®=0 Mi=e(-Va)). (75)
where
~0 _ € _-R/xe
(7, T) = R © e (76)

Thus, the parameter A may be estimated by the experimental precision of low energy
Coulomb scattering. Clearly as A becomes very large, corresponding to a wide distribution

of events, the potential Ezg approaches the standard Coulomb potential.

The derivatives of the potential may be found from (74)

8@2(:5,7’) = 3k{— c 1

e—|t—T—R/c|/)\ + e—|t—T+R/C|/)\:|}

ATR 2
— € Ak]‘ —|t—T—R/c|/A —|t—T+R/c|/X
= {6 [t=r—R/el /A | o lo-r+R/el/
€ l 7|t T— R/c|/)\ |t T+R/C|/)\:|
= 5 ak[ te . (77)
Using
d
/A - Z —lé@)l/A
On€™ dfe 0 (z,7)
d
= [9(5) e E@NN 1 g(—¢) 6Jrﬁ(rzr,f)//\] 0ul(z,7)
= {5(5) e @A _5(—¢) etel@m/A
—6&,7 1 z,T
() eI (=5 ) 4 0(=¢) erée A)} 0ut(,7)
1
= —~ e(&(w,m))e ENA 9 (n,7) (78)
A
we find
akao (l‘ 7_) _ € i_k 1 [e|tTR/c|/A _|_6|t'r+R/c|/)\:|
L 41 R? 2
+ L el e(t—7— R/c) e~lt=r=Rlel/x 4 1 e(t—7+ R/c) e~ lt=r+Rr/e| A (79)
R 2| ae Ac
5 11 e e e
0 - _ - = t—T R/c|//\ o |t T+R/c|//\ - ]
2w, T) =5 5 Tm {e e(t— 71— Rje)+e e(t—+ R/e)
(80)
and
11
Orag(z,7) = +X 5 —R e(t—7—R/c) {e‘|t_7_R/C|/’\ +e(t—74+ R/c) e_|t_T+R/C|/’\] :

(81)
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Using equations (79), (80), and (81) in the equations of motion (72) and (73), we find

e L t+1
— T
47 R? 2

1 R 7|t7 ~R/ |/)\ R 7|t7 +R/ |//\
1+ et — 7 — T—k/c 1 — et — Trie 2
2{[ + )\Ce(t T R/c)]e +[ )\Ce(t 7'—|—R/C)]6 82)

Mt =

- 1 e? 1 N R 2R —|t—T7—R/c|/X
Mi = - —4WR2§{[35 xk(l—l—%e(t—T—R/c))—Te(t—T—R/c)]e [t=r—r/cl/

T [l - %(t T+ RJe) - ?e(t S R/c)]e|”+R/c|/A} - (83)

In the low energy limit, the equations of motion simplify to

M.Z'k - _ 62 lf\_kl [1 + EC(—R/C)] e*R/)\C + [1 . EG(_FR/C)]efR//\C
4rR? 2 Ac Ac
2
- _ € ~k _—R/Xe - E
A v (84)
and
. e2 1 1 . R 2R “R/re
ME= "y {[x’“xka + 3 (SR/0) = Sre(=R/e)] e
2
+ [L%kxk(l — ? (R/c)) — TRG(R/C)]e_R//\C}
e? | R R
- == sk —R/Xc ot
N AT R? 2c2 Tk © [1 )\c]

= o(v/c) . (85)

Numerical solutions for the equations of motion (82) and (83) are shown in Figures 1, 2,
and 3. It may be seen that the trajectories of the test event are indistinguishable from
the Maxwell case, when \ 2 10 seconds, corresponding to a photon mass m, ~ 10~?
eV. If we take the accepted experimental error in the photon mass as the actual mass of

the photon, then m, ~ 6 x 107'6 eV [26], which corresponds to A ~ 1 second.

4 Summary and Conclusions

In their initial formulation of covariant quantum mechanics, Horwitz and Piron [1] con-
structed an interacting theory of events, mediated by standard 7-independent Maxwell
gauge fields. This construction was later deemed incomplete [17, 27] because of the
self-consistency problem: on the one hand, particle worldlines are traced out by the evo-

lution of trajectories x*(7) under the local influence of the Maxwell field A*(z); on the
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other hand, A*(z) depends upon the entire particle worldline — it is induced by the
Maxwell current J#(z) which can only be found by concatenating the instantaneous cur-
rent j#(x, 1), after the worldline has been traced-out. There can be no a priori guarantee
that the resulting trajectories z#(7) will produce the fields A*(z). The pre-Maxwell the-
ory, developed to insure a well-posed theory of interactions, contains fields a®(x,7) and
a time scale A required so that Aa* and A* = [dr a* will have the same units. Despite
the many successes of the relativistic quantum theory, the 7-dependence of the fields and
the presence of A in the equations of motion lead to difficulties at the classical level. The
model of the particle as a distribution of events along the worldline eliminates these prob-
lems, and permits comparison with the standard Maxwell theory at low energy. When
the range of the photon mass spectrum is taken small enough, then the equations of mo-
tion for the off-shell electromagnetic theory coincide with those of the standard Maxwell
theory, within experimental limits. The model thus, provides an initial estimate of A —

if A is larger than about 1079, then off-shell phenomena must be observable in scattering.

Shnerb and Horwitz [22] have given an interpretation of i/Ac® as the width of the mass
distribution of the off-shell photons, yielding Ac as a coherence length for the photon-
matter interaction. The model offered above may be seen as extending this argument to
the classical level, as well as providing a mechanism for the narrow width of the photon
mass spectrum, based on the structure of matter currents. A cut-off in the photon mass
spectrum was also found to be necessary for the renormalization of off-shell quantum elec-
trodynamics [21]. The superposition of currents given in (66) leads to a similar expression
for the fields,

aly(z,7) = /_oo da p(a) a*(x, 7 — ) . (86)
From the Fourier expansion [21]
d*k i(k-ctorr)/h | _px, x —i(k-w+okT)/h
a'(z,7) = > 5 {sé‘a(k,s)el TTORTIN 4 gh*q* (K, s)e™ "W ororT ] (87)
K

s=polarizations

where the five-dimensional mass shell condition is kK = V k2, we see that under the convo-

lution (86), the Fourier transform a(k, s) will acquire a factor

a(k,s) — a(k, s) /da e/t p(a) . (88)
Using (70) for (o), we find this factor to be
. , 1 1
d ika/h — /d ika/h _—  —lal/A _
/ ae () ae o) T4 Ow/RR (89)

which provides an adequate cut-off for the renormalization of off-shell quantum electro-

dynamics.
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We conclude with the observation that as A — oo, the photon mass vanishes, the particle
current spreads out along the entire worldline, and the low energy equations of motion
become identical with the standard Maxwell case. For A large but finite, the pre-Maxwell
theory remains well-posed, and the expected off-shell phenomena may be compared with
the experimental limit. Such a situation suggests that evidence for the pre-Maxwell theory

may be found in small deviations from standard electrodynamics.
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