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Abstract

Although Maxwell theory is O(3,1)-covariant, electrodynamics only transforms
invariantly between Lorentz frames for special forms of the field, and the generator
of Lorentz transformations is not generally conserved. Bérard, Grandati, Lages and
Mohrbach have studied the O(3) subgroup, for which they found an extension of
the rotation generator that satisfies the canonical angular momentum algebra in
the presence of certain Maxwell fields, and is conserved by the classical motion.
The extended generator depends on the field strength, but not the potential, and
so is manifestly gauge invariant. The conditions imposed on the Maxwell field by
the algebra lead to a Dirac monopole solution.

In this paper, we study the generalization of the Bérard, Grandati, Lages
and Mohrbach construction to the full Lorentz group in N dimensions. The re-
quirements can be maximally satisfied in a three dimensional subspace of the
full Minkowski space; this subspace can be chosen to describe either an O(3)-
invariant space sector, or an O(2,1)-invariant restriction of spacetime. The field
solution reduces to the Dirac monopole found in the nonrelativistic case when the
O(3)-invariant subspace is selected. When an O(2,1)-invariant subspace is cho-
sen, the field strength can be associated with a Coulomb-like potential of the type
Aμ(x) = nμ/ρ, where ρ = (xμxμ)1/2, similar to that used by Horwitz and Arshan-
sky to obtain a covariant generalization of the hydrogen-like bound state. In the
presence of these fields, which are determined entirely by symmetry considerations,
without reference to a source equation, the extended generator is conserved under
classical relativistic system evolution.
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1 Introduction

The Lorentz covariance of electrodynamics can be expressed through the validity of the

canonical commutation relations

[xμ, xν ] = 0 [pμ, pν ] = 0 [xμ, pν ] = −i�gμν (1)

[
xμ,Mρλ

]
= i�

(
xλgμρ − xρgμλ

) [
pμ,Mρλ

]
= i�

(
gμρpλ − gμλpρ

)
(2)[

Mμν , Mλρ
]

= i�
(
gμλM νρ − gμρM νλ − gνλMμρ + gνρMμλ

)
(3)

when the generator of Lorentz transformations is the operator

Mμν = xμpν − xνpμ (4)

and the electromagnetic field is introduced through minimal coupling of a gauge potential

to the momentum

pμ = mẋμ + eAμ. (5)

Using (5) to transform to the coordinate-velocity basis, the relations (1) become

[xμ, xν ] = 0 m[xμ, ẋν ] = −i�gμν (6)

and

m2 [ẋμ, ẋν ] = [pμ − eAμ, pν − eAν ] = −i�e (∂μAν − ∂νAμ) = −i�eF μν (x) , (7)

a form that prompted Feynman to seek a derivation of Maxwell’s equations assuming only

the commutation relations (6) and noncommutivity of the velocities, without explicit

recourse to canonical momentum, gauge potential, action, or variational principle. As

reported by Dyson [1], Feynman showed that posing the commutation relations,

[
xi, xj

]
= 0 m

[
xi, ẋj

]
= i�δij, (8)

among the Euclidean position xi(t) and velocity ẋi(t) = dxi/dt, for i, j = 1, 2, 3, restricts

the admissible forces in the classical Newton’s second law

mẍi = F i(t, x, ẋ) (9)

to the form

mẍi = Ei(t, x) + εijkẋjBk(t, x) (10)
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with fields that must satisfy

∇ · B = 0 ∇× E +
∂

∂t
B = 0. (11)

The velocity-dependent part of the interaction in (10) enters through

[
ẋi, ẋj

]
= − i�

m2
F ij(t, x) = − i�

m2
εijkBk(t, x), (12)

posed as a “naive” assumption of noncommutivity for the velocity operators, and not

intended to presuppose the existence of a canonical momentum.

Although Dyson treated Feynman’s derivation as something of a curiosity, his article

led to small flurry of new results. Several authors observed [2] that claiming Lorentz

covariance in (11) conflicts with the Euclidean assumptions in (8), and similarly, (10)

cannot be interpreted as the Lorentz force of Maxwell theory. Feynman’s construction

was generalized to the relativistic case [3, 4] in curved N -dimensional spacetime by writing

the commutation relations

[xμ, xν ] = 0 m[ẋμ, xν ] = i� gμν(x) m [ẋμ, f (x)] = i� ∂μf (x) (13)

m2 [ẋμ, ẋν ] = −i�F μν (τ, x) (14)

and force relation

mẍμ = F μ(τ, x, ẋ), (15)

where μ, ν = 0, 1, · · · , N − 1, and xμ(τ) and its derivatives are function of the Poincaré-

invariant evolution parameter τ . The resulting classical system

m[ẍμ + Γμλν ẋλẋν ] = Kμ (τ, x) + F μν (τ, x) ẋν (16)

in which the covariant derivative contains the usual affine connection

Γμνρ =
1

2
(∂ρgμν + ∂νgμρ − ∂μgνρ) (17)

and the fields satisfy

∂μFνρ + ∂νFρμ + ∂ρFμν = 0 ∂μKν − ∂νKμ +
∂

∂τ
Fμν = 0 (18)

is equivalent to the (N + 1)-dimensional gauge theory associated with Stueckelberg’s

relativistic mechanics [5, 6]. Formally extending the indices to (N + 1) dimensions

μ, ν, λ = 0, 1, · · · , N − 1 α, β, γ = 0, · · · , N (19)
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with

xN = τ ∂τ = ∂N FμN = −FNμ = Kμ (20)

equations (16) and (18) become

m[ẍμ + Γμλν ẋλẋν ] = F μβ(τ, x)ẋβ (21)

and

∂αFβγ + ∂βFγα + ∂γFαβ = 0. (22)

If the divergence of Fαβ exists, the homogeneous field equation (22) can be paired with

∂βFαβ = eJα, (23)

which takes the form of the inhomogeneous field equation in the Stueckelberg theory.

When Jα(τ, x) can be identified as the Stueckelberg current, (23) reduces to standard

inhomogeneous Maxwell equation in an equilibrium limit (with respect to τ) of the (4+1)-

dimensional gauge theory. However, neither the existence nor the form of the divergence

of Fαβ is implied by the Feynman commutator construction.

A more general result that appeared in response to Dyson’s report was the proof [7] that

assumptions (8) are sufficiently strong to establish the self-adjointness of the differential

equations (9), from which it follows that the derived system is a priori equivalent to

a unique Lagrangian mechanics [8] with canonical momenta whose relationship to the

velocities leads directly to (7). Thus, results found by direct calculation with Feynman’s

commutators should conform to a canonical formulation of electrodynamics, in its Eu-

clidean or relativistic form. Continuing in the spirit of Feynman’s “naive” inquiry, one

may construct the operators

Lμν = m (xμẋν − xν ẋμ) (24)

which, in light of (5), are not generally equivalent to the canonical Lorentz generators (4).

The resulting commutation relations among xμ, ẋμ, and Lμν necessarily contain terms that

depend on the field strength F μν (x) and break the closed Lie algebra for O(N − 1,1).

Bérard, Grandati, Lages and Mohrbach [9] have studied the algebra associated with

Euclidean transformations of this system. Calculating commutation relations with the

free angular momentum

Li = mεijkx
iẋj (25)
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the noncommutivity of the velocities in (12) contributes field-dependent terms,

[xi, Lj] = −i�εijkxk (26)

[ẋi, Lj] = −i�εijkẋ
k +

i�

m
δij (x · B) − i�

m
xiBj (27)

[Li, Lj] = −i�εijkL
k − i�εijkx

k (x · B) (28)

breaking the canonical angular momentum algebra. The authors argue that extending

the angular momentum operator Li to include the O(3) invariance of the total particle-

field system should recover the closed Lie algebra. Introducing the extended angular

momentum L̃i as the sum of the particle angular momentum Li and a field-dependent

term Qi,

L̃i = Li + Qi (29)

the extended commutation relations must satisfy[
xi, L̃j

]
= −i�εijkxk (30)[

ẋi, L̃j

]
= −i�εijkẋ

k (31)[
L̃i, L̃j

]
= −i�εijkL̃

k. (32)

It was shown that equations (30) to (32) may be satisfied with the choice

Qi = −xi (x · B) , (33)

which in turn imposes a structural condition on the field B given by

xjBi + xiBj + xjxk∂iB
k = 0. (34)

Since (34) admits a solution of the form

Bi = −xi

x3
(35)

the authors argue that the method has led to a magnetic monopole. Using this solution,

it is shown that the total angular momentum L̃i is conserved under the classical motion.

It is interesting to note that the Coulomb-like solution (35) was found from symmetry

considerations alone. The divergence equation

∇ · B = δ3 (x) (36)

follows a posteriori from a particular solution to condition (34), and is not imposed by

Feynman’s framework of commutation relations.
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In this paper, we generalize the Bérard, Grandati, Lages and Mohrbach construction

to the relativistic case in N dimensions and study the Lie algebra of the operators Lμν

defined in (24). The resulting relativistic construction generalizes equations (25) through

(35) and illuminates important features of the symmetric structure not made explicit in

the 3-dimensional case. In section 2 we derive commutation relations for the operators

(24), involving an antisymmetric tensor field F μν associated with the noncommutivity of

the velocities ẋμ. In section 3, closed commutation relations for the extended generators

L̃μν = Lμν + Qμν (37)

are found and a choice for the field-dependent tensor operator Qμν is proposed that

generalizes (33). The structural conditions on the field F μν imposed by this choice are

derived, and shown to reduce to (34) in the nonrelativistic limit. In section 4, the extended

operator L̃μν is shown to be conserved under system evolution when the field F μν satisfies

the structural conditions. In section 5, field solutions satisfying the structural conditions

are found in the general form

F μν (x) =
1

(N − 2)!
εμνλ0λ1···λN−3Gλ0λ1···λN−3

=
1

(N − 3)!

εμνλ0λ1···λN−3xλ0Uλ1···λN−3

R (x)
(38)

where Uλ1···λN−3 is a fixed antisymmetric tensor of rank N − 3 and R (x) is a scalar radial

function. In N = 4, the field Gλ0λ1···λN−3
reduces to the Liénard-Wiechert field induced by

an electric charge moving uniformly with four-velocity Uμ, and since Levi-Cevita duality

exchanges the electric and magnetic fields in the four-dimensional electromagnetic field

tensor, (38) can be interpreted as the covariant form of the Dirac monopole found in the

nonrelativistic case. The interpretation of the monopole in N > 4 was discussed in [10]

and will be explored at greater length in a subsequent paper focusing on its underlying

gauge theory. The structural conditions on the fields F μν are shown to imply that

xλ1U
λ1···λN−3 = 0, (39)

equivalent to the requirement that xμ be orthogonal to N−3 mutually orthogonal vectors

in N dimensions. Thus, the dynamical evolution xμ (τ) is restricted to the 3-dimensional

subspace normal to U , which we denote

xU =
{
x | xλ1U

λ1···λN−3 = 0
}

, (40)

and only the three Lorentz generators that leave xU invariant can be made to satisfy

closed commutation relations. Naturally, this restriction has no consequences in the
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nonrelativistic case. In N = 4, the vector U = t̂ may be taken along the time axis,

thereby recovering the O(3)-invariant solution obtained by Bérard, Grandati, Lages and

Mohrbach, with the radial function

R (x) = r3 =
(
x2

)3/2
(41)

defined on the three space dimensions. On the other hand, by taking U = n̂ to be

spacelike, the general solution (38) becomes

F μν (x) = εμνλρ n̂λ xρ

(x2
⊥)

3/2
(42)

whose support is on the O(2,1)-invariant subspace

xn̂ = {x | x · n̂ = 0} . (43)

For this solution, the three Lorentz generators (two boosts and one rotation) that leave

this subspace invariant will satisfy the closed Lorentz algebra. The field strength (38) is

associated with a potential of the type

V (x) ∼ (
x2
⊥
)−1/2

(44)

which may be seen as a relativistic generalization of the nonrelativistic Coulomb potential.

A solution to the relativistic bound state problem for the scalar hydrogen atom was found

[11] in the context of the Horwitz-Piron [12] formalism, using a potential of the form (44).

It was shown that a discrete Schrodinger-like spectrum emerges when the dynamics are

restricted to the O(2,1)-invariant subspace

RMS (n̂) = {x | n̂ spacelike, x⊥ = x − (x · n̂)n̂ spacelike} . (45)

2 Commutation Relations

2.1 Spacetime algebra

Calculating the field-dependent commutation algebra outside the comfortable realm of

3-dimensional nonrelativistic mechanics, creates two new difficulties: the proliferation of

tensor indices, and the conceptual difficulty of defining the magnetic monopole in N > 4

dimensions. These difficulties are conveniently overcome in the spacetime algebra formal-

ism [13, 14]. By representing the usual tensorial objects of physics as index-free elements
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of various rank in a Clifford algebra, the formalism achieves a high degree of notational

compactness, and provides a natural extension of the four-dimensional electromagnetic

duality to higher dimensions [10]. The most important rules for algebraic manipula-

tion can be built up from the product of two vectors, which separates naturally into a

symmetric part and antisymmetric part

ab = 1
2
(ab + ba) + 1

2
(ab − ba) = a · b + a ∧ b (46)

where the symmetric part is identified with the scalar inner product, and the rank 2

antisymmetric part is called a bivector. Continuing in this way,

aAr = a (a1 ∧ a2 ∧ · · · ∧ ar) = a · Ar + a ∧ Ar (47)

a · Ar =
∑r

k=1
(−1)k+1 (a · ak) a1 ∧ · · · ∧ ak−1 ∧ ak+1 ∧ · · · ∧ ar (48)

a ∧ Ar = a ∧ a1 ∧ a2 ∧ · · · ∧ ar (49)

The general Clifford number is then a direct sum of multivectors of rank 0, 1, . . . , N

A = A0 + A1 + A2 + A3 + · · · + AN (50)

= A0 + Ai
1ei + 1

2
Aij

2 ei ∧ ej + · · · + 1
N !

A
i0i2···iN−1

N ei0 ∧ ei1 ∧ · · · ∧ eiN−1
(51)

expanded on the basis

{1, ei, ei ∧ ej, ei ∧ ej ∧ ek, · · · , e0 ∧ e1 ∧ · · · ∧ eN−1} . (52)

The dimension of the basis multivector e1 ∧ e2 ∧ · · · ∧ er is
(

N
r

)
= N !

r!(N−r)!
and so the

element

i = e0 ∧ e1 ∧ · · · ∧ eN−1 (53)

has dimension 1, and by multiplication takes a multivector to its Levi-Cevita dual

i [ek1 ∧ · · · ∧ ekr ] = gk1k1 · · · gkrkr

1
(N−r)!

εk1···kr kr+1···kN
[
ekr+1 ∧ · · · ∧ ekN

]
. (54)

The element i, called the unit pseudoscalar, has the following properties

i2 = (−1)
N(N−1)

2 det (gμν) (55)

a · (iAr) = (−1)N−1 i (a ∧ Ar) (56)

a ∧ (iAr) = (−1)N−1 i (a · Ar) . (57)
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2.2 Representations and notation

Generalizing the algebra of Euclidean rotations to the algebra of Lorentz transformations,

we start with commutation relations (13) in flat spacetime,

gμν = diag (−1, 1, · · · , 1) μ, ν = 0, 1, · · · , N − 1 (58)

and represent the vector operators as

x = xμeμ ẋ = ẋμeμ. (59)

The entities x and ẋ are composed of noncommuting operator-valued components xμ and

ẋμ that commute with the basis elements of the Clifford algebra, and noncommuting

basis elements eμ that commute with the operator-valued components. The second rank

antisymmetric tensor fields introduced in (14) are taken to be τ -independent, and are

represented as bivectors

F (x) = F μν (x) eμ ⊗ eν =
1

2
F μν (x) eμ ∧ eν . (60)

Exercising care with operator ordering, manifest antisymmetry permits the index-free

tensor

L = Lμνeμ ⊗ eν (61)

to be represented as a vector product through

L = m (xμẋν − xν ẋμ) eμ ⊗ eν = mxμẋν (eμ ⊗ eν − eν ⊗ eμ) = m (x ∧ ẋ) . (62)

Multivector operators may be treated as Clifford scalars, by introducing auxiliary con-

stants

D = Dμeμ Dλ = gλμeμ D2 = D(2) ∧ D(1) = D(2)μD(1)νeμ ∧ eν (63)

and the commutators (13) may then be expressed as

[D · x, x] = Dμ [xμ, xν ] eν = 0 (64)

and

[D · ẋ, x] = Dμ [ẋμ, xν ] eν = Dμ

(
i�

m
gμν

)
eν =

i�

m
D. (65)

Similarly (14) becomes

[D · ẋ, ẋ] = Dμ [ẋμ, ẋν ] eν = − i�

m2
DμF

μνeν = − i�

m2
D · F. (66)

It follows from (65) that

[D · ẋ, f(x)] =
i�

m
(D · ∂) f(x), (67)

so that the commutator in this form defines a directional derivative along the vector D.
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2.3 Commutation relations

Using (64) and (65) the commutation relation between the operator L and position is

found to be

[D · x, L] = m [D · x, x ∧ ẋ] = m [D · x, x] ∧ ẋ + mx ∧ [D · x, ẋ] = −i�x ∧ D, (68)

while the velocity commutator

[D · ẋ, L] = m [D · ẋ, x ∧ ẋ] = m [D · ẋ, x] ∧ ẋ + mx ∧ [D · ẋ, ẋ]

= −i�ẋ ∧ D − i�

m
x ∧ (D · F ) (69)

contains a field-dependent term, as expected. The bivector equation (69) expresses the

(N − 1) (N − 2) /2 commutation relations between the operators Lμν and the component

of velocity ẋ in the direction of the arbitrary vector D. Equations (68) and (69) can be

placed into component form by taking the arbitrary direction to be

D(μ) = gμνeν (70)

and reading the components of (68) as[
xλ, Lμν

]
= −i�

(
xμgλν − xνgλμ

)
(71)

and the components of (69) as[
ẋλ, Lμν

]
= −i�

(
ẋμgλν − ẋνgλμ

) − i�

m

(
xμF λν − xνF λμ

)
. (72)

To obtain the commutators among the operators Lμν , it is convenient to form the scalar

D2 · L = mD(2) · [D(1) · (x ∧ ẋ)
]

= m
[(

D(1) · x) (
D(2) · ẋ) − (

D(2) · x) (
D(1) · ẋ)]

, (73)

exercising care to preserve the order of x and ẋ. Using (68) and (69) and extracting L,

one is easily led to

[D2 · L,L] = i�
[
D(2) ∧ (

D(1) · L) − D(1) ∧ (
D(2) · L)]

+i�x ∧ [(
D(2) · x) (

D(1) · F) − (
D(1) · x) (

D(2) · F)]
. (74)

The bivector equation (74) expresses the (N − 1) (N − 2) /2 commutation relations be-

tween the operators Lμν and the particular operator selected by the arbitrary vectors

D(1) and D(2). In component form (74) is

[Lμν , Lρλ] = i� (gμλLνρ − gμρLνλ − gνλLμρ + gνρLμλ)

+i� (xμxλFνρ − xμxρFνλ − xνxλFμρ + xνxρFμλ) (75)

which agrees with the usual expression for the closed Lorentz algebra when F = 0.
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3 Closed Operator Algebra

3.1 Extended generators

We seek the extended operator

L̃ = L + Q (76)

that satisfies the closed algebra of Lorentz generators[
D · x, L̃

]
= −i�x ∧ D (77)

[
D · ẋ, L̃

]
= −i�ẋ ∧ D (78)[

D2 · L̃, L̃
]

= i�
[
D(2) ∧

(
D(1) · L̃

)
− D(1) ∧

(
D(2) · L̃

)]
. (79)

Looking for a hint from the canonical relations, one may write (78) in component form

[
ẋμ, Lλρ + Qλρ

]
= i�

(
gμλẋρ − gμρẋλ

)
(80)

and use (5) to express the Lorentz generator (4) as

Mμν = xμ (mẋν + Aν) − xν (mẋμ + Aμ) = Lμν + (xμAν − xνAμ) . (81)

Then the second canonical commutation relation (2) can be put into the form

[
ẋμ, Lλρ + xλAρ − xρAλ

]
+

[
ẋλ, xρAμ

] − [
ẋρ, xλAμ

]− i�

m

(
gμλAρ − gμρAλ

)
= i�

(
gμλẋρ − gμρẋλ

)
(82)

but comparison of (82) with (80) does not immediately suggest a suitable candidate for

Qλρ, particularly one depending only on the field strength and not the gauge potential.

Therefore, the operator must be found as a solution to the requirements imposed by

commutation relations (68), (69) and (74). Applying (68) to (76) it follows that

[D · x, L + Q] = [D · x, L] + [D · x,Q] = −i�x ∧ D + [D · x,Q] (83)

and comparison with (77) leads to

[D · x,Q] = 0 (84)

so that Q must be independent of ẋ and its components must commute among themselves

∂

∂ẋμ
Q = 0 ⇒ [D2 · Q,Q] = 0. (85)
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Thus (76), (78) and (69) lead to

[D · ẋ, L + Q] = −i�ẋ ∧ D − i�

m
x ∧ (D · F ) + [D · ẋ, Q] = −i�ẋ ∧ D (86)

and the extended commutation relation is[
D · ẋ, L̃

]
= −i�ẋ ∧ D − i�

m
[x ∧ (D · F ) − (D · ∂) Q] , (87)

where we have used (13). Comparing (87) with (78) leads to the first condition on Q

Δ1 = −i�

m
[x ∧ (D · F ) − (D · ∂) Q] = 0. (88)

To find the second condition on Q, we apply (76) to the LHS of (79)[
D2 · L̃, L̃

]
= [D2 · L,L] + [D2 · L,Q] + [D2 · Q,L] (89)

and to the RHS of (79)[
D2 · L̃, L̃

]
= i�

[
D(2) ∧ (

D(1) · L) − D(1) ∧ (
D(2) · L)]

+i�
[
D(2) ∧ (

D(1) · Q) − D(1) ∧ (
D(2) · Q)]

. (90)

Applying (73) to (89) provides

[D2 · L,Q] + [D2 · Q,L] = i�
[
D(2) ∧ (

D(1) · Q) − D(1) ∧ (
D(2) · Q)]

− i�x ∧ [(
D(2) · x) (

D(1) · F) − (
D(1) · x) (

D(2) · F)]
(91)

so that combining (79), (74), and (91) leads to[
D2 · L̃, L̃

]
= i�

[
D(2) ∧

(
D(1) · L̃

)
− D(1) ∧

(
D(2) · L̃

)]
−i�x ∧ [(

D(2) · x) (
D(1) · F) − (

D(1) · x) (
D(2) · F)]

−i�
[
D(2) ∧ (

D(1) · Q) − D(1) ∧ (
D(2) · Q)]

(92)

and we arrive at the second condition on the generator Q,

Δ2 = −i�
{

x ∧ [(
D(2) · x) (

D(1) · F) − (
D(1) · x) (

D(2) · F)]
+

[
D(2) ∧ (

D(1) · Q) − D(1) ∧ (
D(2) · Q)]}

= 0. (93)

3.2 Choice of generator

Since Q = Q (x) cannot depend on ẋ and since the identity D = (D · ∂) x permits

condition (88) to be put into the form

(D · ∂) Q = x ∧ [(D · ∂) x] · F, (94)
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we are led to consider a generator of the form

Q = x ∧ (x · F ) − x2F. (95)

Using

x2F = x · (x ∧ F ) + x ∧ (x · F ) (96)

equation (95) can be rewritten as

Q = x ∧ (x · F ) − [x · (x ∧ F ) + x ∧ (x · F )] = −x · (x ∧ F ) . (97)

The geometrical meaning of (97) can be seen by normalizing (96) as

F =
1

x2
[x · (x ∧ F ) + x ∧ (x · F )] = x̂ · (x̂ ∧ F ) + x̂ ∧ (x̂ · F ) . (98)

Since x̂ ·F = 0 if the unit vector x̂ is orthogonal to the plane spanned by F , we find that

(98) represents the decomposition of F into coplanar and orthogonal components

F‖ = x̂ ∧ (x̂ · F ) F⊥ = x̂ · (x̂ ∧ F ) (99)

Comparing (99) with (97), Q can be described as the component of the field F orthogonal

to the observation point x. Notice that the nonrelativistic operator (33) can similarly be

interpreted as a projection.

3.3 Conditions on the field F

Applying the first condition (88) on the generator Q to the trial form (97) leads to a

corresponding condition on the field F

Δ1 = −i�

m
{x ∧ (D · F ) + D · (x ∧ F ) + x · (D ∧ F ) + x · [x ∧ (D · ∂) F ]} = 0. (100)

The second condition (93) on the generator Q is purely algebraic

Δ2 = i�
(
D(1) · x) [

x ∧ (
D(2) · F) − D(2) ∧ (x · F )

]
+ i�

(
D(2) · x) [

D(1) ∧ (x · F ) − x ∧ (
D(1) · F)]

+ i�x2
[
D(2) ∧ (

D(1) · F) − D(1) ∧ (
D(2) · F)]

+ i�
(
D(2) ∧ x

) [(
D(1) ∧ x

) · F ]
− i�

(
D(1) ∧ x

) [(
D(2) ∧ x

) · F ]
= 0 (101)

and generally satisfied when (100) is satisfied.
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4 Generator Conservation

The derivative of the classical extended generator with respect to the invariant time is

d

dτ
L̃ = L̇ + Q̇

= m
d

dτ
(x ∧ ẋ) +

d

dτ
[−x · (x ∧ F )]

= m (x ∧ ẍ + ẋ ∧ ẋ) − ẋ · (x ∧ F ) − x · (ẋ ∧ F ) − x ·
(
x ∧ Ḟ

)
= m (x ∧ ẍ) − ẋ · (x ∧ F ) − x · (ẋ ∧ F ) − x ·

(
x ∧ Ḟ

)
. (102)

Using the equations of motion for τ -independent fields

F μν (x, τ) = F μν (x) F μN (x, τ) = 0 (103)

leads to

mẍμ = F μν ẋν = −ẋνF
νμ −→ ẍ = − 1

m
ẋ · F (104)

and since F only depends on τ through x (τ),

Ḟ μν = ẋλ∂λF
μν −→ Ḟ = (ẋ · ∂) F (105)

the equations of motion become

d

dτ
L̃ = −x ∧ (ẋ · F ) − ẋ · (x ∧ F ) − x · (ẋ ∧ F ) − x · (x ∧ (ẋ · ∂) F ) .

Applying (100) with D = ẋ,

−x · [x ∧ (ẋ · ∂) F ] = x ∧ (ẋ · F ) + ẋ · (x ∧ F ) + x · (ẋ ∧ F ) (106)

we find

d

dτ
L̃ = −x ∧ (ẋ · F ) − ẋ · (x ∧ F ) − x · (ẋ ∧ F )

+x ∧ (ẋ · F ) + ẋ · (x ∧ F ) + x · (ẋ ∧ F )

= 0 (107)

so that the extended Lorentz generator L̃ is conserved under the classical system evolu-

tion.
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5 Field Solutions

In the previous sections it was shown that one may, in principle, define an extended gener-

ator that is conserved under evolution of the particle-field system and satisfies the closed

O(N − 1, 1) commutation relations. This algebraic system depends, of course, on the ex-

istence of a field F (x) satisfying conditions (100) and (101). Based on the nonrelativistic

case, the field solution is expected to describe a magnetic monopole. After outlining the

description of standard electric and magnetic monopole Maxwell fields in N dimensions,

solutions of both type are considered. The Liénard-Wiechert field for a uniformly moving

charge is considered, but it is shown that neither this form nor any simple generalization

can satisfy condition (100). Nevertheless, under limited circumstances, the dual of the

Liénard-Wiechert field does satisfy the condition.

5.1 Spacetime algebra representation of Maxwell theory

Maxwell’s equations in N dimensions are written

∂F = −J (108)

where in the standard form, the electromagnetic field strength is the bivector given in

(60) and the gradient and current vectors are ∂ = ∂αeα and J = Jαeα. The LHS of (108)

then separates into the divergence and exterior derivative

∂ · F + ∂ ∧ F = −J (109)

so that associating terms of equal rank rank leads to

∂ · F = −J (110)

∂ ∧ F = 0. (111)

Equation (110) expresses the inhomogeneous Maxwell equation, as can be seen from the

component tensor form

∂ · F = ∂α

(
1

2
F βγ

)
eα · (eβ ∧ eγ) = ∂αF βγ 1

2
(gαβeγ − gαγeβ) =

(
∂βF βγ

)
eγ. (112)

Similarly, using the total antisymmetry of eα ∧ eβ ∧ eγ we expand (111) as

∂∧F = ∂α

(
1

2
F βγ

)
eα∧eβ ∧eγ =

1

3!

(
∂αF βγ + ∂βF γα + ∂γFαβ

)
eα∧eβ ∧eγ = 0, (113)
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expressing the homogeneous Maxwell equations.

The field equations can be generalized to a duality-invariant form by writing the fields

and currents as direct sums of multivectors (labeled by rank) so that, for example, with

F = F(2) + F(N−2) (114)

J = J(1) + J(3) + J(N−3) + J(N−1) (115)

the Maxwell equations (108) separate by rank as

∂ · F(2) = −J(1) ∂ ∧ F(2) = −J(3) (116)

∂ · F(N−2) = −J(N−3) ∂ ∧ F(N−2) = −J(N−1). (117)

Using (56) and (57), these expressions transform under duality as

i
[
∂ · F(2)

]
= (−1)N−1 ∂ ∧ [

iF(2)

]
= −iJ(1)

−→ ∂ ∧ F ′
(N−2) = −J ′

(N−1) (118)

i
[
∂ ∧ F(2)

]
= (−1)N−1 ∂ · [iF(2)

]
= −iJ(3)

−→ ∂ · F ′
(N−2) = −J ′

(N−3) (119)

i
[
∂ · F(N−2)

]
= (−1)N−1 ∂ ∧ [

iF(N−2)

]
= −iJ(N−3)

−→ ∂ ∧ F ′
(2) = −J ′

(3) (120)

i
[
∂ ∧ F(N−2)

]
= (−1)N−1 ∂ · [iF(N−2)

]
= −iJ(N−1)

−→ ∂ · F ′
(2) = −J ′

(1) (121)

which leaves the Maxwell equations form invariant and guarantees that for any solution

to (116) there is a corresponding solution for (117), and vice versa. In the special case

that N = 4 dimensions,

F(2) = F(N−2) J(1) = J(N−3) J(3) = J(N−1) (122)

and the generalized system reduces to the two equations (116), which are then dual to

one another. In particular, given a solution to the standard Maxwell configuration in

four dimensions

∂ · F(2) = −J(1) ∂ ∧ F(2) = 0 (123)

there will be a corresponding solution to the configuration

∂ · F ′
(2) = 0 ∂ ∧ F ′

(2) = −J ′
(3) (124)

16



found from (118) and (119). On the other hand, again using (56) and (57), configuration

(124) can be expressed in the equivalent form

∂ · (iF ′
(2)

)
= iJ ′

(3) ∂ ∧ (
iF ′

(2)

)
= 0 (125)

where iF ′
(2) is seen from (

iF ′
(2)

)μν
= 1

2
εμνλρ

(
F ′

(2)

)
λρ

(126)

to be the bivector formed by exchanging the electric and magnetic fields in F ′
(2). Therefore,

in four dimensions, equations (116) constitute a Maxwell theory describing point electric

and magnetic monopoles on a symmetric footing, and equations (116) and (117) are the

generalization of this theory to higher dimensions. A more detailed discussion of the

generalized monopole and its underlying gauge theory will appear in a subsequent paper.

5.2 Liénard-Wiechert field in 4 dimensions

An electric charge moving uniformly with constant four-velocity U induces a potential

A (x) through the Maxwell Green’s function

A(x) =
1

2π

∫
d4x′J (x′) δ

[
(x − x′)2

]
(127)

where

J (x′) =

∫
dτ U δ4 (x′ − Uτ) . (128)

Expanding the Green’s function using

δ (f (x)) =
∑

i

δ (x − xi)∣∣ df
dx

∣∣
x=xi

(129)

one is led to the Liénard-Wiechert potential for uniform motion

A(x) =
U

4π
[
x2 + (x · U)2]1/2

(130)

from which the field strength tensor follows as

F μν (x) = ∂μAν − ∂νAμ =
Uμxν − Uνxμ

4π
[
x2 + (x · U)2]3/2

. (131)

Since the four-velocity is timelike, with U2 = −1, and the observation point x can be

resolved as

x = −U2x = −U (U · x + U ∧ x) (132)
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with

x‖ = −U (U · x) (133)

x⊥ = −U (U ∧ x) = −U2x + U (U · x) = x + U (U · x) , (134)

we recognize

(x⊥)2 = x2 + U2 (U · x)2 + 2 (U · x)2 = x2 + (U · x)2 . (135)

In the index-free notation of spacetime algebra, (131) may be rewritten as

F (x) = ∂ ∧ A(x) = ∂ ∧
[

U

4π (x2
⊥)

1/2

]
=

U ∧ x⊥
4π (x2

⊥)
3/2

=
U ∧ x

4π (x2
⊥)

3/2
(136)

where the final form in (136) follows from U ∧ x‖ = 0.

5.3 Electric field in N dimensions

We attempt a general solution of the form

F (x) =
U ∧ x

R (x)
(137)

with an arbitrary fixed vector U and undetermined radial function R(x). The first con-

dition (100) on the field is

x ∧ (D · F ) + D · (x ∧ F ) + x · (D ∧ F ) + x · [x ∧ (D · ∂) F ] = 0, (138)

in which the derivative term requires

(D · ∂) F = (D · ∂)
U ∧ x

R (x)
=

U ∧ D

R (x)
− (U ∧ x) (D · ∂) R (x)

R2 (x)
(139)

so that

x · [x ∧ (D · ∂) F ] = x ·
[(

x ∧ U ∧ D

R (x)
− (x ∧ U ∧ x) (D · ∂) R (x)

R2 (x)

)]

= −x ·
(

D ∧ U ∧ x

R (x)

)
, (140)
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where we used x ∧ x = 0. Similarly, D · (x ∧ F ) vanishes identically for this solution, so

(138) becomes

0 = x ∧
(

D · U ∧ x

R (x)

)
+ x ·

(
D ∧ U ∧ x

R (x)

)
− x ·

(
D ∧ U ∧ x

R (x)

)

=
x ∧ (D · (U ∧ x))

R (x)

=
x ∧ ((D · U) x − U (D · x))

R (x)

=
(U ∧ x) (D · x)

R (x)

= (D · x) F (x) . (141)

Notice that D is arbitrary, specifying the component of velocity being commuted with

the generator. Since x ∧ x ≡ 0 causes the second term of (140) to vanish for algebraic

reasons, the trial solution (137) fails for any form of the radial function R (x). Moreover,

expression (137) is seen to be an unlikely candidate for the field solution, because it leads

to

Q = −x · (x ∧ F ) = −x ·
(

x ∧ U ∧ x

R (x)

)
≡ 0. (142)

5.4 Dual field in N dimensions

Generalizing the 3-dimensional result, it may be assumed that the field F (x) is given as

the dual of some field G (x), so that replacing

F (x) = iG (x) (143)

and applying (56) and (57) to requirement (100), the first condition on the field G becomes

0 = Δ1 = −i�

m

{
x ∧ (D · iG) + D · (x ∧ iG) + x · (D ∧ iG) + x · [x ∧ (D · ∂) iG]

}
= −i�

m
i
{

x · (D ∧ G) + D ∧ (x · G) + x ∧ (D · G) + x ∧ [x · (D · ∂) G]
}

. (144)

Since the field F was introduced in (14) as a bivector, the Levi-Cevita dual field G must

be an (N − 2)-vector in N dimensions. Generalizing expression (137) the general solution

for G (x) may be written as

G (x) =
x ∧ U

R (x)
(145)

where U is a fixed multivector of rank N − 3. Now

(D · ∂) G = (D · ∂)
x ∧ U

R (x)
=

D ∧ U

R (x)
− (x ∧ U) (D · ∂) R (x)

R2 (x)
(146)
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so that

x ∧ [x · (D · ∂) G] =
(x · D) (x ∧ U) − x ∧ D ∧ (x · U)

R (x)
− x2 (x ∧ U) (D · ∂) R (x)

R2 (x)
. (147)

The other terms in (144) are

x ∧ (D · G) =
(D · x) (x ∧ U)

R (x)
(148)

D ∧ (x · G) =
x2D ∧ U − D ∧ x ∧ (x · U)

R (x)
(149)

x · (D ∧ G) =
(x · D) (x ∧ U) − x2D ∧ U + D ∧ x ∧ (x · U)

R (x)
. (150)

Assembling the terms, condition (100) takes the form

0 = Δ1 = −i�

m
i

{
(x · D) (x ∧ U)

R (x)
− x2 (x ∧ U) (D · ∂) R (x)

R2 (x)
− x ∧ D ∧ (x · U)

R (x)

}
(151)

in which the derivative term makes the form of R(x) significant. Taking the radial

function to be

R (x) =
(
x2

)3/2
(152)

so that
(D · ∂) R (x)

R2 (x)
= 3

D · x
x2R (x)

(153)

leads to

0 = Δ1 = −i�

m
i

[
D ∧ x ∧ (x · U)

R (x)

]
= −i�

m
i

D ∧ U‖
(x2)1/2

(154)

where we used (99) to write

x ∧ (x · U) = x2U‖. (155)

Again, since the constant vector D is arbitrary, the condition imposed by (154) is satisfied

when the dynamical evolution xμ (τ) is restricted to the subspace defined by

x (τ) ∈ xU = {x | x · U = 0} , (156)

equivalent to the requirement that xμ be orthogonal to N−3 mutually orthogonal vectors

in N dimensions. We conclude that the Bérard, Grandati, Lages and Mohrbach con-

struction may be generalized to any 3-dimensional subspace of N -dimensional Minkowski

space. The generators of the O(2,1) or O(3) subgroup of O(N − 1,1) that leave the sub-

space xU invariant have an extension that is dynamically conserved and satisfies closed

commutation relations.
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The second condition on the field F (x) was given in (101). With the replacement (143)

this condition becomes

Δ2 = i�
(
D(1) · x) [

ix · (D(2) ∧ G
) − iD(2) · (x ∧ G)

]
+i�

(
D(2) · x) [

iD(1) · (x ∧ G) − ix · (D(1) ∧ G
)]

+i�x2
[
iD(2) · (D(1) ∧ G

) − iD(1) · (D(2) ∧ G
)]

+i�
(
D(2) ∧ x

) (
iD(1) ∧ (x ∧ G)

) − i�
(
D(1) ∧ x

) (
iD(2) ∧ (x ∧ G)

)
(157)

Applying (145) and using x ∧ x ≡ 0, this reduces to

Δ2 = i�
i

R (x)

(
D(1) · x) [

x · (D(2) ∧ x ∧ U
)] − i�

(
D(2) · x) [

x · (D(1) ∧ x ∧ U
)]

+i�
ix2

R (x)

[
D(2) · (D(1) ∧ x ∧ U

) − D(1) · (D(2) ∧ x ∧ U
)]

, (158)

so that expanding the inner products and restricting the dynamics to the subspace

xU = {x | x · U = 0} leads to

Δ2 = i�
ix2

R (x)

[(
D(1) ∧ x

) ∧ (
D(2) · U) − (

D(2) ∧ x
) ∧ (

D(1) · U)]
. (159)

The arbitrary vectors D(1) and D(2) in (101) specify which components of the Lorentz

generator are being commuted with the index-free Lorentz generator tensor. Since (154)

restricts the dynamical components to the subspace xU = {x | x · U = 0} it is reasonable

to limit attention to the components for which D(1) · U = D(2) · U = 0, in which case

(159) is satisfied.

Although the choice of trial solution in (143) and (145) was inspired by the familiar

relativistic generalization of the Coulomb interaction, the form of the radial function

(152) that determines the field

F (x) = i
x ∧ U

(x2)3/2
(160)

was imposed, as in the nonrelativistic case, entirely by symmetry considerations, without

reference to a source equation or Green’s function, and identical in any number of dimen-

sions. Nevertheless, the field is seen a posteriori to be of a restricted Liénard-Wiechert

form, simplifying the evaluation of the divergence and exterior derivatives and enabling a

classification of the solution as a monopole. Since the case of N = 4 is unique, this case

is treated separately.
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5.5 Monopole field in 4 dimensions

In N = 4, the multivector U is just a four-vector and G(x) in (145) is, up to a sign, the

Liénard-Wiechert field induced by a uniformly moving electric charge

G (x) =
x ∧ U

(x2)3/2
(161)

valid in the subspace for which

xU = {x | x · U = 0} . (162)

Since G(x) is the exterior derivative of the Liénard-Wiechert potential (130), its diver-

gence is can be found from

∂ · G(x) = ∂ · [∂ ∧ A (x)] = ∂2A. (163)

By construction, A(x) was found as the solution to the wave equation

∂2A = −J (x) (164)

with current J (x) given by (128), so that

∂ · G(x) = −J (x) = −
∫

dτ U δ4 (x − Uτ) (165)

The exterior derivative

∂ ∧ G(x) = ∂ ∧ [∂ ∧ A (x)] = [∂ ∧ ∂] ∧ A (x) ≡ 0 (166)

is verified by direct calculation on (161) using x ∧ x = ∂ ∧ x = 0. Therefore, the field

F (x) must satisfy

∂ · F (x) = ∂ · [iG(x)] = (−1)N−1 i [∂ ∧ G(x)] = 0 (167)

∂ ∧ F (x) = ∂ ∧ [iG(x)] = (−1)N−1 i [∂ · G(x)] = (−1)N iJ (x) (168)

which, in light of the discussion in section 5.1, can be interpreted as the field equations

for the uniform magnetic monopole current

J(3) (x) =

∫
dτ iU δ4 (x − Uτ) . (169)

The nonrelativistic case is recovered by choosing the unit vector along the time axis

U = e0, imposing the restriction of the dynamics to

x (τ) = (0,x) (170)
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so that

G (x) =
e0 ∧ x

r3
=

x1

r3
e0 ∧ e1 +

x2

r3
e0 ∧ e2 +

x3

r3
e0 ∧ e3 (171)

and

F (x) = Eie0 ∧ei +
1
2
εijkBiej ∧ek = i

e0 ∧ x

r3
= −x1

r3
e2 ∧e3 +

x2

r3
e1 ∧e3 − x3

r3
e1 ∧e2 (172)

where

r =
[(

x1
)2

+
(
x2

)2
+

(
x3

)2
]1/2

. (173)

The noncovariant fields can be read-off from (172) as

E = 0 B = − 1

r3

(
x1, x2, x3

)
(174)

reproducing the magnetic monopole of (35). Since x · U is a scalar in four dimensions,

the extra term in the commutation relation for velocity is given in (154) as

Δ1 =
i�

m

(x · U)

R (x)
i (D ∧ x) . (175)

Splitting this expression into rotations and boosts as

Δ1 =
i�

m

x0

R (x)
i
[(

D0e0 + D
) ∧ (

x0e0 + x
)]

(176)

=
i�

m

x0

R (x)

[(
D0xi − x0Di

)
i (e0 ∧ ei) + i (D ∧ x)

]
, (177)

and using

i (eμ ∧ eν) = εμνλρg
λσgρζeσ ∧ eζ , (178)

leads to

Δ1 =
i�

m

x0

R (x)

[
1
2
ε0ijk (D0xi − Dix0) ej ∧ ek + (Dixj − Djxi) e0 ∧ ek

]
. (179)

The components of the commutation relations for velocity with the O(3,1) generators can

be read off as [
ẋi, L̃jk

]
= i�

(
gijẋk−gikẋj

) − i�

m
εijk x0x0

R (x)

[
ẋ0, L̃jk

]
= 0 (180)

and [
ẋi, L̃0k

]
= i�

(
gi0ẋk−gikẋ0

) − i�

m
εijk x0xj

R (x)

[
ẋ0, L̃0k

]
= i�g00ẋk, (181)

which, under the restriction x · U = x0 = 0 of (162), become the closed relations of O(3).

Similarly, applying the restriction (170) to (159), the commutation relations among the

generators in component form becomes[
L̃μν , L̃λρ

]
= i�

{
gμλL̃νρ − gμρL̃νλ − gνλL̃μρ + gνρL̃μλ

}
+ Δμνλρ

2 (182)
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where

Δμνλρ
2 = 2i�

x2

R (x)

[
gμ
0 ενδλρxδ − gν

0ε
μδλρxδ

]
.

Dividing the generators, the algebra of the boosts is seen to be broken[
L̃0j, L̃λρ

]
= i�

{
g0λL̃jρ − g0ρL̃jλ − gjλL̃0ρ + gjρL̃0λ

}
+ Δ0jλρ

2

= i�
{

g0λL̃jρ − g0ρL̃jλ − gjλL̃0ρ + gjρL̃0λ
}

+
2i�x2

R (x)
εjδλρxδ (183)

while the rotation generators obey the closed canonical relations[
L̃ij, L̃λρ

]
= i�

{
giλL̃jρ − giρL̃jλ − gjλL̃iρ + gjρL̃iλ

}
+ Δijλρ

2

= i�
{

giλL̃jρ − giρL̃jλ − gjλL̃iρ + gjρL̃iλ
}

(184)

Since only those generators that leave the vector U = e0 invariant enjoy closed commuta-

tions relations, the algebra for the O(3) rotation generators closes for this choice of vector

U , but does not close for the boost generators. Thus, the nonrelativistic result may be

understood as equivalent to the maximal relativistic result for this choice of unit vector.

We may construct a different kind of solution by choosing U = e3 along the z-axis. Then,

from

G (x) =
x ∧ e3

ρ3
=

x0

ρ3
e0 ∧ e3 +

x1

ρ3
e1 ∧ e3 +

x2

ρ3
e2 ∧ e3 (185)

the field

F (x) = Eie0 ∧ ei + 1
2
εijkBiej ∧ ek = i

x ∧ e3

ρ3
=

x0

ρ3
e1 ∧ e2 +

x1

ρ3
e0 ∧ e2 − x2

ρ3
e0 ∧ e1 (186)

with

ρ =
[
− (

x0
)2

+
(
x1

)2
+

(
x2

)2
]1/2

, ρ2 > 0 (187)

generalizes the spatial separation in the action-at-a-distance problems of nonrelativistic

mechanics in the subspace

x =
(
x0, x1, x2, 0

) ∈ xe3 = {x | x · e3 = 0} (188)

invariant under the corresponding O(2,1) subgroup of the full Lorentz group. The field

strengths are

E =
1

ρ3

(−x2, x1, 0
)

B =
1

ρ3

(
0, 0, x0

)
. (189)

In this case, subject to the restriction (188), the extra terms in the velocity relations are

Δ1 =
i�

m

x3

R (x)
i (D ∧ x) = 0 (190)

Δμνλρ
2 = 2i�

x2

R (x)

[
gμ
3 ενδλρxδ − gν

3ε
μδλρxδ

]
, (191)
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so that closed commutation relations hold for the velocities and among the O(2,1) gen-

erators L̃01, L̃02, and L̃12 = L̃3, while the algebra of the generators is broken by field

dependent terms for the boost L̃03 and the rotations L̃31 = L̃2 and L̃23 = L̃1.

5.6 Monopole field in higher dimensions

In dimensions higher than four, the multivector U is of rank N − 3 > 1, and so the field

G(x) is of rank N − 2 > 2. Labeling the fields and currents by rank, as in (116) and

(117), the solution given by (145) satisfies

∂ · G(N−2) = −J(N−3) ∂ ∧ G(N−2) = 0 (192)

∂ · G(2) = 0 ∂ ∧ G(2) = 0 (193)

where G(2) = 0 in this configuration. The dual system is then

∂ · F(2) = 0 ∂ ∧ F(2) = − (−1)N−1 iJ(N−3) = −J ′
(3) (194)

∂ · F(N−2) = 0 ∂ ∧ F(N−2) = 0 (195)

where F(N−2) = 0 follows from G(2) = 0, and the field F(2) = iG(N−2) represents a

magnetic monopole. The restriction (156) permits the extraction of the four-dimensional

result from this higher dimensional system, by partitioning the N -dimensional space into

the usual four-dimensional spacetime and N − 4 ‘extra dimensions’ according to

U = n ∧ e4 ∧ · · · ∧ eN−1 = n ∧ Ũ (196)

where

n = nμeμ , μ = 0, 1, 2, 3 Ũ = e4 ∧ · · · ∧ eN−1. (197)

Under this partition, (145) becomes

G (x) =
x ∧ n ∧ Ũ

R (x)
=

[
x ∧ n

(x2)3/2

]
∧ Ũ (198)

subject to the restriction

x (τ) ∈ xU =
{

x | x · U = x ·
(
n ∧ Ũ

)
= (x · n) Ũ − n ∧

(
x · Ũ

)
= 0

}
(199)

and the field G(x) in (198) can be recognized as the 4-dimensional field (161) multiplied

by the constant Ũ . Choosing

x (τ) = xμeμ =
(
x0, x1, x2, x3, 0, · · · , 0

)
(200)
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the restriction (199) reduces to the 4-dimensional expression

x (τ) ∈ xU = {x | (x · n) = 0} (201)

and from (143) the general solution is

F (x) = i
x ∧ n ∧ Ũ

(x2)3/2
. (202)

By similarly partitioning the unit pseudoscalar into the usual 4-dimensional spacetime

and N − 3 ‘extra dimensions’

i = e0 ∧ · · · ∧ eN−1 = (e0e1e2e3) (e4 · · · eN−1) = i4 Ũ (203)

the general field becomes

F (x) = i4 Ũ
x ∧ n ∧ Ũ

(x2)3/2
= i4

x ∧ n

(x2)3/2
Ũ2 =

[
g44 · · · gN−1,N−1 (−1)

(N−4)(N−5)
2

]
i4

x ∧ n

(x2)3/2
(204)

which is, up to a sign, the solution (161). For this solution, the extended generators of

O(N − 1,1) satisfy the closed commutation relations, up to extra terms of the form

Δ2 = i�
ix2

R (x)

{(
D(1) ∧ x

) ∧ [
D(2) ·

(
n ∧ Ũ

)]
− (

D(2) ∧ x
) ∧ [

D(1) ·
(
n ∧ Ũ

)]}

= i�
ix2

R (x)

(
D(1) ∧ x

) ∧ [(
D(2) · n)

Ũ − n ∧
(
D(2) · Ũ

)]

−i�
ix2

R (x)

(
D(2) ∧ x

) ∧ [(
D(1) · n)

Ũ − n ∧
(
D(1) · Ũ

)]

= i�
ix2

R (x)

[(
D(2) · n) (

D(1) ∧ x
) ∧ Ũ − (

D(1) ∧ x
) ∧ n ∧

(
D(2) · Ũ

)]

−i�
ix2

R (x)

[(
D(1) · n) (

D(2) ∧ x
) ∧ Ũ − (

D(2) ∧ x
) ∧ n ∧

(
D(1) · Ũ

)]
. (205)

As in N = 4, the extra terms vanish for three of the O(3) or O(2,1) generators — the

three are determined by the conditions

D(1) · Ũ = D(2) · Ũ = 0 ⇒ D(1,2) = D(1,2)μeμ , μ = 0, 1, 2, 3 (206)

and

D(1) · n = D(2) · n = 0. (207)

The examples discussed in section 5.5 are recovered by the choices n = e0 and n = e3.

26



6 Conclusion

In the presence of the field

F μν (x) =
1

(N − 2)!
εμνλ0λ1···λN−3Gλ0λ1···λN−3

=
1

(N − 3)!

εμνλ0λ1···λN−3xλ0Uλ1···λN−3

R (x)
(208)

the extended O(N − 1, 1) generators

L̃μν = Lμν + Qμν = m (xμẋν − xν ẋμ) + xμxσF
σν − xνxσF

σμ − xσxσF
μν (209)

are constructed in such a way that the commutation relations of the generators with

position xμ and velocity ẋμ satisfy the Lorentz algebra[
xμ, L̃ρλ

]
= i�

(
xλgμρ − xρgμλ

) [
ẋμ, L̃ρλ

]
= i�

(
gμρẋλ − gμλẋρ

)
(210)

when the dynamical evolution is restricted to

x (τ) ∈ xU =
{
x | xλ1Uλ1λ2···λN−3

= 0
}

(211)

and the radial function in N dimensions has the form

R (x) =
(
x2

)3/2
. (212)

Similarly, the commutation relations among the generators[
L̃μν , L̃λρ

]
= i�

{
gμλL̃νρ − gμρL̃νλ − gνλL̃μρ + gνρL̃μλ

}
+ Δμνλρ

2 (213)

with

Δμνσρ
2 = i�

x2

R (x)

1

(N − 3)!
εμσρζλ2···λN−3xζg

νλ1Uλ1λ2···λN−3
(214)

satisfy the closed Lie algebra for the three rotations of O(3) or the two boosts and one

rotation of O(2,1) that leave the subspace xU invariant. By appropriate choice of U it

is possible to recover either four-dimensional solution in any number of dimensions. In

particular, the O(3)-invariant solution recovers the nonrelativistic case for any N , and

the solution can be interpreted as a generalization of the Dirac monopole to N > 4. The

field strength in the O(2,1)-invariant solution is associated with a potential of the type

A (x) ∼ (−t2 + x2
)−1/2

(215)

which may be seen as a relativistic generalization of the nonrelativistic Coulomb potential.

A solution to the relativistic central force problems, including the bound state problem

for the scalar hydrogen atom, was found [11] in the Horwitz-Piron formalism [12]

i∂τψ(x, τ) =

[
pμpμ

2M
+ V (x)

]
ψ(x, τ) (216)
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by making the replacement

r =
√

(x1 − x2)2 −→ ρ =
√

(x1 − x2)2 − (t1 − t2)2 (217)

in the argument of the classical potential V (x). The discrete spectrum for the hydrogen

atom was found using a potential of the type (215) when the support is restricted to the

O(2,1) invariant subspace

RMS (n̂) =
{
x | n̂2 > 0, (x⊥)2 = [x − (x · n̂)n̂]2 > 0

}
. (218)

The bound state was initally obtained by taking n̂ = e3 with

RMS (e3) =
{

x =
(
x0, x1, x2, x3

) | (x⊥)2 = − (
x0

)2
+

(
x1

)2
+

(
x2

)2
> 0

}
, (219)

which can be interpreted as a relaxation of condition (187). It was argued in [15] that

the scalar action-at-a-distance potential is obtained, in analogy to the nonrelativistic

Coulomb case, as the approximation

−e0A
5 (τ, x) → V (x) = −eA5 (x) Aμ (τ, x) = 0 (220)

in the 5-dimensional locally gauge invariant Schrodinger equation

(i∂τ + e0A5)ψ(x, τ) =
1

2M
(pμ − e0A

μ)(pμ − e0Aμ)ψ(x, τ), (221)

the quantum analog of the classical Stueckelberg mechanics given in (16). Writing the

approximation (220) for the Coulomb problem as

A (x) = Aα (x) eα = A5 (x) e5 =
e5

(−t2 + x2)1/2
(222)

a field of the type G (x) can be found from

G = ∂ ∧ [A ∧ n̂] = ∂ ∧
[

e5 ∧ n̂

(x2)1/2

]
= −x ∧ e5 ∧ n̂

(x2)3/2
(223)

subject to the conditions

x2 = xμxμ = −t2 + x2 > 0 x · n̂ = 0 (224)

and it follows that

F = iG = −i4e5
x ∧ e5 ∧ n̂

(x2)3/2
= i4

x ∧ n̂

(x2)3/2
(225)

28



In particular, taking n̂ = e3 leads to

G (x) = − x ∧ e3 ∧ e5(− (x0)2 + (x1)2 + (x2)2)3/2
(226)

F (x) = i4
x ∧ e3(− (x0)2 + (x1)2 + (x2)2)3/2

(227)

which are precisely the solution given in (185) and (186). Therefore, since this field so-

lution emerges as a consequence of O(N − 1, 1) symmetry, and is not dependent on the

inhomogeneous Maxwell equation or the structure of the Green’s function in any partic-

ular dimension N , it may be argued that the covariant generalization of the Coulomb

action-at-a-distance interaction has a similar origin.
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