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tIn the framework of o�-shell quantum ele
trodynami
s | the quantum �eld theoryof a 
ovariant symple
ti
 me
hani
s, in whi
h events evolve a

ording to a Poin
ar�e-invariant parameter � |we study the low energy s
attering of identi
al s
alar parti
les.It is shown that ex
hange of mass is permitted in the formalism, and we 
al
ulates
attering 
ross-se
tions for this 
ase. In these 
ross-se
tions, the usual forward pole ofstandard s
alar QED splits into two poles and a zero, slightly o�set from the forwarddire
tion. As mass ex
hange vanishes, a pole-zero pair 
an
el, the remaining pole movesto � = 0, and the standard 
ross-se
tion is re
overed.1 Introdu
tionO�-shell ele
trodynami
s [1, 2℄ is the lo
al gauge theory of a 
ovariant quantum me
han-i
s based on a dynami
al theory of spa
etime events. The underlying framework possessesa symple
ti
 stru
ture, in whi
h a manifestly 
ovariant Hamiltonian generates evolutionthrough a Poin
ar�e-invariant parameter � . The theory provides a framework for relativisti
potential theory | the treatment of many parti
les with mutual intera
tion. Within thisframework, manifestly 
ovariant generalizations have been given for the 
entral for
e prob-lem, in
luding potential s
attering [3℄ and the bound state [4, 5℄ with radiative transitions[6℄ and Zeeman spe
tra [7℄. A 
ovariant statisti
al me
hani
s [8℄ has also been 
onstru
ted.In this 
ovariant me
hani
s, a generalization of the \proper time formalism" [9 { 14℄, one1



may introdu
e Poin
ar�e-invariant two-body potentials de�ned on an un
onstrained eight-dimensional phase spa
e, and the formulation of a many-body theory be
omes a

essible.The evolution parameter is not identi
al with the proper time of the 
lassi
al motion; theparti
le mass is a dynami
al quantity [1, 15℄.In the lo
al gauge theory, the two-body potentials are repla
ed by �ve � -dependent gauge
ompensation �elds, whi
h guarantee invarian
e under gauge transformations of the form (x; �)! exp [ie0�(x; �)℄  (x; �) : (1)The invariant a
tion [2, 16℄S = Z d4xd� ( �(i�� + e0a5) � 12M �(�i�� � e0a�)(�i�� � e0a�) � �4f��f��) ; (2)is de�ned on the s
alar �elds  (x; �) and the �ve gauge �elds, whi
h transform under (1) asa�(x; �)! a�(x; �) + ���(x; �) a5(x; �)! a5(x; �) + ���(x; �) : (3)The gauge invariant kineti
 term for the gauge �eld is f�� = ��a� � ��a� ;where�; � = 0; 1; 2; 3 and �; �; 
 = 0; 1; 2; 3; 5 (4)and the metri
 is g�� = diag(�1; 1; 1; 1; �) : (5)The �ve-dimensional symmetry of f��f��, governing the homogeneous �eld equations, isO(4,1) or O(3,2) for � = �1. The 
onserved 
urrent��j� + �� j5 = 0 (6)where j5 � � = ��� (x; �)���2 j� = �i2M n �(�� � ie0a�) �  (�� + ie0a�) �o ; (7)breaks the physi
al symmetry of the intera
ting theory to O(3,1) (the kineti
 term for thematter �eld is linear in �� ). Nevertheless, the higher symmetry is re
e
ted in the 
ausalproperties of the wave equation����f�
 = (���� + ���� )f�
 = (���� + � �2� )f�
 = �e(��j
 � �
j�) ; (8)2



whi
h follows from the gauge �eld equations��f�� = e0� j� = ej� ���
Æ���f�
 = 0 (9)where j� is given by (7). From the dimensional 
onstants, � and e0, one identi�es e0=� = eas the dimensionless Maxwell 
harge1. It follows from (6) that ��� (x; �)���2 is a probabilitydensity in the �rst quantized theory. The matter �eld equationi��  (x; �) = � 12M (�i�� � e0a�)(�i�� � e0a�)� e0a5�  (x; �) (10)de�nes evolution of the event amplitude  (x; �) through instantaneous intera
tion with the(4�1)-�eld a�.2 Quantization and Perturbation TheoryThe 
anoni
al and path integral quantization of o�-shell ele
tromagnetism has been given in[16, 17, 18℄. The underlying symple
ti
 stru
ture provides a natural setting for the Ja
kiw-Fadeev quantization pro
edure [19℄, by whi
h the 
onstraint equations resulting from gaugeinvarian
e are solved and the 
onstrained degrees of freedom are eliminated from the La-grangian. We will brie
y summarize the extension to the path integral. To make the a
tionlinear in � -derivatives, we introdu
e the notation �� = f 5� and the \�rst order form"f��f�� = f��f�� + 2f 5�f5� = f��f�� + 2� h2(���a� � ��a5)�� � ����i : (11)Integrating by parts and 
olle
ting terms in a5, the a
tion be
omesS = Z d4xd�hi � _ � ��� _a� � 12M �(�i�� � e0a�)(�i�� � e0a�) � �4f��f�� + ��2 ���� + a5(e0 � � �����)i : (12)In the path integral, Z = 1N Z D � D Da� Da5 D��eiS ; (13)1The � -integral of (6) redu
es to ��J� = 0 for J� = R d� j� , from whi
h one identi�es J� as the Maxwell�eld. The � -integral of the spa
etime part of the �rst of (9) then redu
es to the inhomogeneous Maxwellequation. See [2, 6, 7℄ for further dis
ussion. 3



integration over a5 pla
es Æ(e0 � � �����) into the measure, giving the 
onstrainte0 � � ����� = 0 ) ���� = e0�  � = e� ) ��f 5� = ej5 ; (14)the Gauss law of the theory, as seen from (9). The 
onstraint equation (14) 
an be solvedthrough the de
omposition�� = (�?)� + e�� Z d4y Æ �(x� y)2� �(y; �) where ��(�?)� = 0 : (15)Performing a similar de
omposition of a�,a� = (a?)� + �� Z d4y Æ �(x� y)2� �(y) where ��(a?)� = 0 (16)(by whi
h we impli
itly 
hoose the gauge 
ondition ��a� = �, where � is � -independent2),and integrating over D�k and Dak, only un
onstrained degrees of freedom remain in thea
tion. The Darboux transformation �! exp [ie0 [G�℄ (x)℄  ; (17)in whi
h [G�℄ (x) is shorthand for[G�℄ (x) = Z d4y Æ �(x� y)2� �(y) ; (18)leaves the a
tion diagonal and un
onstrained. Integrating over �? | the 
onjugate momen-tum for a? | puts the path integral into the formZ = 1N Z D � D D(a?)� eiS (19)where the a
tion S is given by (see also [17℄)S = Z d4xd�ni � _ � 12M �(�i�� � e0(a?)�)(�i�� � e0(a?)�) + �2 (a?)�[2 + ��2� ℄(a?)� � ��2 e2�[G�℄o : (20)2The de
ompositions (15) and (16) 
an be a
hieved by performing a gauge transformationa� = â� + ���su
h that ����â� = 0 and � ����â5 = � ;so that ����� + ��â� = W (x) ;where W (x) is � -independent. It follows that ��� = 0, for � = ��â�. Theo�-light 
one 
ontributions to the �ve spa
e Green's fun
tion then vanish [21℄.4



where we have expanded (f?)��(f?)�� and used the transversality of (a?)�. We re
ognizethe \inverse propagators" [2 + ��2� ℄ for the free gauge �eld and hi�� + 12M2i for the freematter �eld. From the intera
tion part,Sint = Z d4xd� (� ie02Ma�( ��� �  �� �)� e202Ma�a�j j2 � ��2 e2�[G�℄) (21)we dis
ard the last term, whi
h has the form of a 
-number energy density representing themass-energy equivalent required to assemble the matter �eld3, and read-o� the Feynmanrules:matterpropagator dire
ted line 1(2�)5 �i12M p2 � P � i�photonpropagator photon line 1(2�)5 1�P�� �ik2 + ��2 � i�three-parti
leintera
tion vertex fa
tor e02M i(p+ p0)� (2�)5Æ4(p� p0 � k)Æ(P � P 0 + ��)four-parti
leintera
tion vertex fa
tor �ie20M (2�)5g��Æ4(k � k0 � p0 + p)Æ(��� ��0 + P 0 � P )The Feynman rules for the S-matrix elements, follow from the LSZ redu
tion formulas derivedin [20℄, whi
h for the s
alar �eld, requires that in
oming and outgoing propagators be repla
edby 1. It was seen in [20℄ that the Ward identity for o�-shell quantum ele
trodynami
s
onne
ts the three-parti
le and four-parti
le verti
es. It was also shown that while no matterloops exist in the theory (due to the retarded propagation), renormalization requires a 
ut-o�in photon loops (a natural formulation of this 
ut-o� was suggested in [22℄).3The 
oupling �e2 is 
hara
teristi
 of the 
lassi
al Lorentz for
e due to a 
harge distribution [16℄.
5



3 The S
attering Pro
ess B + T! 1 + 2We treat the 
ase of elasti
 s
attering of two identi
al parti
les of mass m, in relative 
oor-dinates: P = 12(pT + pB) p = pT � pB (22)P 0 = 12(p1 + p2) p0 = p1 � p2 (23)In the 
enter of mass system, ~pB + ~pT = ~p1 + ~p2 = 0, so that P = �12ps;~0�, where the usualMandelstam parameter in this metri
 is s = �(pB + pT)2. Similarly,p0 = p1 � p2 = (E(p1)� E(p2); 2~p1) (24)is spa
elike, and we introdu
e the parameterizationp0 = � (sinh �; 
osh�n̂) : (25)From the Æ-fun
tions in the Feynman rules above, it is 
lear that the total four-momentumand total mass are 
onserved, but the individual parti
le masses are not. It follows that the
onserved quantities in relative 
oordinates areP = P 0 and p2 = (p0)2 = �2 = s� 2(m21 +m22) : (26)The ex
hange in mass is 
hara
terized by�m2 = (m1)2 � (m2)2 = (p2)2 � (p1)2 = ps � sinh� : (27)The 
ross-se
tion is given by [20℄d�(3)d
 dtint = 164�2 j~pf js j~pij jhp1p2j ~T jpTpBij2 ; (28)where T = (�=4M2)2 ~T is the usual transition matrix, and j~pf j is �-dependent. The 
ross-se
tion d�(3) has dimensions of volume [3℄, whi
h is 
ompensated by the time dtint whi
h
hara
terizes the 
hange in time-syn
hronization asso
iated with the mass ex
hange [20℄.6



Using the Feynman rules above we �nd the transition matrixh1 2jT jT Bi = e0e(2M)2 8<: s� u� (p2T�p21)2tt� �(�pT � �p1)2 + s� t� (p2T�p22)2uu� �(�pT � �p2)29=; : (29)where the Mandelstam parameterst = �(pT � p1)2 = �14(p� p0)2 u = �(pT � p2)2 = �14(p+ p0)2 (30)are t = �2j~pTj2(1� 
osh � 
os �) and u = �2j~pTj2(1 + 
osh � 
os �) : (31)Noti
e that (29) | (31) agree with the standard on-shell expressions when � = 0. Introdu
-ing � = �m2=M2 the amplitude be
omesh3 4jT j1 2i = e0e(2M)2 (1t 4st� 4ut�M4�24t� �4M2�2 + 1u 4su� 4tu�M4�24u� �4M2�2 ) ; (32)whi
h has two forward poles, one att = 0 ) 
os � = 1
osh � =  1 + M2�ps�!�1=2 (33)and one at t� �16M2�2 = 0 ) 
os � = 1
osh � �1 + �s32M2 sinh2 �� : (34)The forward part has zeros, at
os � = �s�q(s+ �2) +M4�2�2 
osh � : (35)For very small �, (35) be
omes
os � '  1� M2�2ps�!"1 + M4�22(s+ �2)# �  1� M2�2ps�! : (36)In the on-shell limit, when � ! 0, this zero 
an
els one of the poles, restoring the usualforward pole. The symmetry around � = �=2 is preserved in the o�-shell result. Away fromthe forward and reverse dire
tions, the 
ross-se
tion is very 
lose to the standard Klein-Gordon expression. 7



In Figure 1, we show the 
ross-se
tion for � = 0 to 90Æ for m = 0:5 MeV and ps = 1:2MeV (the o�-shell phenomena are most pronoun
ed at low energies for whi
h the parti
lemasses are signi�
ant), and � = 0; 0:01, and 0:02: In Figure 2, we present a detail of thepole-zero stru
ture of the � = 0:01 
ase and in Figure 3, we present a detail of the pole-zerostru
ture of the � = 0:02 
ase. We 
hoose a mass value 
lose to the ele
tron mass, sin
e dataon elasti
 ele
tron-ele
tron s
attering is readily available | the e�e
ts of spin are negligibleat the relevant angles (� � 3Æ- 4Æ). We emphasize that in this theory, mass ex
hange isan essentially kinemati
 phenomenon, sin
e the hyperangle � is on the same footing asthe spa
ial angles �; �: We remark that the forward elasti
 
ross-se
tion is obtained by the
ondition � = 0 and � = 0 (i.e., identi
al in-state and out-state [23℄), and as remarkedabove, the 
ondition � = 0 restores the standard Klein-Gordon 
ross-se
tion. Therefore, theforward 
ross-se
tion derived from (32) for � = 0 and � 6= 0 does not 
onstrain the total
ross-se
tion through the opti
al theorem.
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