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Off-Shell Electromagnetic Fields

Field equations

0,1 =ef* €7D f, =0

fog(@,7) = 0,0, (z,7)— 0,0, (z,7)

Flat metric

9us :diag(_lv]-alvl)a)’ M)I/ap:Oa"'73 5
Oé,ﬂ,’}/ — O?"'7375

Connection with
Maxwell theory

p——x—0 = 0,J"(x 3f dr j"(x,7) =0

0, =ej” o F" =eJ"
" 0= (T er
e e, f, =0 "9 F, =0

pvp

F"(z f dr f"(z,7)

:f dr a"(z,T)
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Space-Time (Clifford) Algebra

Vector ab:l(ab—l—ba)—l-l(ab—ba):G'b‘l‘a/\b
Product 2 2
A=A +A +A+A 4+ A4,
Multivector Z. .
=4 tA'e + A% Nej -+ A, e Ne N Ne
Basis: 2" {Le,e Ne,e Ne Ae, e, Ne N Ney |
dimensions
aA :a(al ANa, NoNa)=a-A +ahA
a-A = [aA (—1)" Aal
Multivector 2
Products

Z )" (a-a,) a, A\ ANa,_, Aa

1+1

A-Aa,

aNA = %[ aA + (-1 Aal=aAa, Aa, N+ Na,
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Relationships Among Products

) g D(D-1)
t=e, Ne N---Nep | " =(—=1) 2 gy 9y 1p
Pseudoscalar . 1 L
z[ei ASRRAY- ]:gii G _ZE;#@ Ple, N---Ne, }
1 n 1%1 n'n n! : - 1 n n+1
LA

Symmetry ei=-eee €€, , =(—1)"ee --ee e, =(—1)""ie

i(aANB,)= %[iaBr +(—1)" B
a-(iB,)= %_azBr — (=" zBra]
Useful Identity 1
=2 |=1) “iaB, — (—1)"" iB.a|
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Formulation of Field Equations

d= 0%, f=1/2f", Ae,
Definitions . -

j, = j"e, e, €5 = g
Eiqellgtions df ==, = d-f+dnf=-g,
d-f=—ej — %((‘Wev)-(f“ﬁea Ney )= %(Tf“ﬁe7 (e, Aey)
(o, 0,0)
=0,f"e; = j'e,

-2

ANF=0 — idAf=d-if = (0", )-[1/(D—2)le " f e e e,
_ [1 /(D . 2) ' €a1a2...aD3ozﬁvaafﬂveal ea2 e

D=4 D=5

0,F" =eJ" 9" F =0 0,f" =ej" 0. f, =0
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Duality and the Dirac Monopole

Suppose a V-E=eJ’ VxH-0,E=¢ed,
magnetic .
current V-H=g¢gJ_ VXE+9J,H=gJ
Perform E=E'cosf+ H'sin6 H=—-E'sinf +H'cosf
duality eJ =eJ 'cosd+ g 'sind e, =eJ) ' 'cosO+ gJ) 'sinf
rotation gl =—eJ 'sin0+gJ 'cos§ eJ = —eJ 'sin@+ gJ" 'cosl
Choose V-E'=eJ’ VxH'—0,E' =el,'
angle so ' ' '
that V-H'=0 VXxE'+d,H' =0

ioati e n
((:Qounadni’::(z)zri]tlon Z_ — E Magnetic monopole = Charge quantization

c

Equivalent € 1 (BH) =" (-H.E)
duality F" — F" cos@ +€""F, sin  "VF" — —F" sinf +€""F, cosf
rotation

m

eJ!' —eJ!' cosl + gJ! sinf gJ! =—eJ"'sinf + gJ" 'cos 0
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Duality Transformation

General field equations df = 3 = —ej, — g7,

Electric current equation d-f = —ej,

Magnetic dAf=—gj,

current . . .

equation dNth=1d-h=—-gqq,, — d-h=-—gq,,
1-parameter U=¢"=1+0G +o0(6*)

transformation
Udf = Uy

(L+0G)(d-f+dNf)=(1+0G)(—ej — gjs)

d-f+dAf+0G(d-f)+06G(dAf)=(—ej — gj;, — e9Gj, — g0Gjs)

Require
separation
by rank Trivector equation d A f+0G(d- f)=(—gj, — e0Gj, )

Vector equation d- f +0G (d A f) = (—ej, — g0Gj,)
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Duality Symmetry

Require GdANf)=d- (Gf)] { d-(f +0Gf) = —ej, — g0Gj,
form = : :
invariance G(d-f)=dAN(Gf) d A (f +0Gf) = —gj, — edGj,

7, and Gj, must be vectors (G :3 — 1)

3, and Gj, must be trivectors (G :1 — 3)
Gf must be abivector (G :2 — 2)

Requirements

on G
G(d-f)=dN(Gf)=Gd =—-dG
Requirements are only satisfied for G = —1in D =4
bty =d-F| |y
: .. L a ] =€) =€
Choose —ej, — gbij, = —ej! 1
v S0 Udf = dUf = df’

that d/\(f—@if):d/\f':

—g7, —ebrg, =0

- —d AN f =0

Ug = U<_6j1 - gjg) — — €}

-4
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Generalized Electromagnetic Fields in D=5

: dF = J
Multivector
fields and F=K+FK+F+E+F+E
currents J=J,+J, +J,+J,+J, +J,
d-F =J, dNE, +d-F, =J,

Separating dF, +d-F, = J, AdNF, +d-F, =J,
Terms

AdNE +d-F, =J, dNF, =J,
Duality U=1+0i+ 0(0%)

Transformation d-F +0d-iF, = J +6iJ.

dF, +d-F, + 0d -iF, + 0id - F, = J, + 0iJ,
dAF, +d-F, +0d-iF, + 0d AiF, = J, + 0iJ,
dAE, +d-F +0d-iF +0dAiF, = J, + 0iJ,
dNE, +d-F +0dNiF, = J, +0iJ,

dAF, + 0idF, + 0d \iF = J. + 0iJ,
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|ldentify Associated Terms

d-F, +0d-iF, = J, + 0iJ, — d-(F, +0iF,)=d- F, = J,

d-Fy+0d-iF, +0id-F, = J, +0iJ, — d-(F, + 0iF,)=d - F, = J,

dNF +d-F, +0d-iF, +0d \iF, = J, + 0iJ,

dN(E +0iF))+d-(F, +0iF)=dANF, +d-F, = J,

dNF,+d-F,+0d-iF, +0d \iF, = J, + 0iJ,
dN(F, +0iF)+d-(F, +0iF)=dANF,+d-F, = J,

dNF, +0dNiFy = J, +0iJ, — d A (F, +0iF,)=d A\ F, = J,

dANF, +0dNiF, =J, +0iJ, = dA(F, +0iF,)=dNF, =J,
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Minimum Set of Fields

Generalized
field

equations d A
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Eliminate scalar and
pseudoscalar current
sectors

Set magnetic current
to zero

l

S S¥
S

Standard field equations
without magnetic current

Equivalent field equations
with magnetic current
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Full Set of Fields

d-F =J, d-F, =J,
Generalized dNF +d-F, =], ANF,+d-F =J,
field equations . . . -

dNE =7, dNE =],
2-field sector without o ~
magnetic current > = dnE =0
4-field d-F,=J;, —=dNH =Q,  dAF,=J,—d-H =Q,
3—fcileld dNF,+d-F,=J,—d-H +dNH,=Q,
an .. .
1-field dNFy,=J, —d-H,=0Q, d-F=J, —-dNH =0
Equivalent

2-field sector with d-H, =0 d-H +dNH,=Q, dAH, =Q,
magnetic current

Equivalent
d-H, = dANH, =
1-field sector 1= G , =@,
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Lorentz Force With Magnetic Charges

F=c¢|lE+vxH|+g[H—-vxE]
dt_e- + €"v, % k]+gl — "'y, X kl
Modified du'’ dt At At
Lorentz MthZGEEJFG quHk]+ng i u, X E,
force in - . . |
D=4 = e_F "1, + F]uj] + ge™™* [FWxO — E)M:L’V}
d2 7 . | .
M d; =el"1, + geZ“MmeA
- eij;M T gFleju duality rotation >€(F’)w jju
no duality d2 " . e
rotation in M 12 ef"z, +9f
D=5

pov po3y6 .
ef xa - ge faﬁfyx(?
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